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SOBOLEV, BESOV AND TRIEBEL-LIZORKIN SPACES ON QUANTUM TORI 


XIAO XIONG, QUANHUA XU, AND ZHI YIN 


Abstract. This paper gives a systematic study of Sobolev, Besov and Triebel-Lizorkin spaces 
on a noncommutative d-torus Tq (with 6 a skew symmetric real d x d-matrix). These spaces 
share many properties with their classical counterparts. We prove, among other basic properties, 
the lifting theorem for all these spaces and a Poincare type inequality for Sobolev spaces. We 
also show that the Sobolev space W^{Tg) coincides with the Lipschitz space of order fc, already 
studied by Weaver in the case k = 1. We establish the embedding inequalities of all these 
spaces, including the Besov and Sobolev embedding theorems. We obtain Littlewood-Paley type 
characterizations for Besov and Triebel-Lizorkin spaces in a general way, as well as the concrete 
ones in terms of the Poisson, heat semigroups and differences. Some of them are new even in the 
commutative case, for instance, our Poisson semigroup characterizations improve the classical 
ones. As a consequence of the characterization of the Besov spaces by differences, we extend to the 
quantum setting the recent results of Bourgain-Brezis -Mironescu and Maz’ya-Shaposhnikova on 
the limits of Besov norms. The same characterization implies that the Besov space ooC^e) 
for Q: > 0 is the quantum analogue of the usual Zygmund class of order a. We investigate 
the interpolation of all these spaces, in particular, determine explicitly the K-functional of the 
couple (Lp(T^), Wp{Tg)), which is the quantum analogue of a classical result due to Johnen and 
Scherer. Finally, we show that the completely bounded Fourier multipliers on all these spaces 
do not depend on the matrix 6, so coincide with those on the corresponding spaces on the usual 
d-torus. We also give a quite simple description of (completely) bounded Fourier multipliers 
on the Besov spaces in terms of their behavior on the Lp-components in the Littlewood-Paley 
decomposition. 


Key words: Quantum tori, noncommutative Lp-spaces, Bessel and Riesz potentials, (potential) Sobolev spaces, 
Besov spaces, Triebel-Lizorkin spaces, Hardy spaces, characterizations, Poisson and heat semigroups, embedding 
inequalities, interpolation, (completely) bounded Fourier multipliers. 
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Chapter 0. Introduction 

This paper is the second part of our project about analysis on quantum tori. The previous one 
m studies several subjects of harmonic analysis on these objects, including maximal inequalities, 
mean and pointwise convergences of Fourier series, completely bounded Fourier multipliers on Lp- 
spaces and the theory of Hardy spaces. It was directly inspired by the current line of investigation 
on noncommutative harmonic analysis. As pointed out there, very little had been done about the 
analytic aspect of quantum tori before [HI; this situation is in strong contrast with their geometry 
on which there exists a considerably long list of publications. Presumably, this deficiency is due to 
numerous difficulties one may encounter when dealing with noncommutative Lp-spaces, since these 
spaces come up unavoidably if one wishes to do analysis. m was made possible by the recent 
developments on noncommutative martingale/ergodic inequalities and the Littlewood-Paley-Stein 
theory for quantum Markovian semigroups, which had been achieved thanks to the efforts of many 

researchers; see, for instance, [Ml ED [33 EH EH Ea [S2 , and ED 13311331E31E3] • 

This second part intends to study Sobolev, Besov and Triebel-Lizorkin spaces on quantum tori. 
In the classical setting, these spaces are fundamental for many branches of mathematics such as 
harmonic analysis, PDF, functional analysis and approximation theory. Our references for the 
classical theory are [D133133 133 E3 ESI- However, they have never been investigated so far 
in the quantum setting, except two special cases to our best knowledge. Firstly, Sobolev spaces 
with the L 2 -norm were studied by Spera [64j in view of applications to the Yang-Mills theory for 
quantum tori [55] (see also [Ml E3 133 E3 ^r related works). On the other hand, inspired by 
Connes’ noncommutative geometry [18] . or more precisely, the part on noncommutative metric 
spaces. Weaver miiiEi developed the Lipschitz classes of order a for 0 < a < I on quantum 
tori. The fact that only these two cases have been studied so far illustrates once more the above 
mentioned difficulties related to noncommutativity. 

Among these difficulties, a specific one is to be emphasized: it is notably relevant to this paper, 
and is the lack of a noncommutative analogue of the usual pointwise maximal function. However, 
maximal function techniques play a paramount role in the classical theory of Besov and Triebel- 
Lizorkin spaces (as well as in the theory of Hardy spaces). They are no longer available in the 
quantum setting, which forces us to invent new tools, like in the previously quoted works on 
noncommutative martingale inequalities and the quantum Littlewood-Paley-Stein theory where 
the same difficulty already appeared. 

One powerful tool used in m is the transference method. It consists in transferring problems on 
quantum tori to the corresponding ones in the case of operator-valued functions on the usual tori, in 
order to use existing results in the latter case or adapt classical arguments. This method is efficient 
for several problems studied in m, including the maximal inequalities and Hardy spaces. It is still 
useful for some parts of the present work; for instance, Besov spaces can be investigated through 
the classical vector-valued Besov spaces by means of transference, the relevant Banach spaces being 
the noncommutative Lp-spaces on a quantum torus. However, it becomes inefficient for others. For 
example, the Sobolev or Besov embedding inequalities cannot be proved by transference. On the 
other hand, if one wishes to study Triebel-Lizorkin spaces on quantum tori via transference, one 
should first develop the theory of operator-valued Triebel-Lizorkin spaces on the classical tori. The 
latter is as hard as the former. Contrary to m , the transference method will play a very limited 
role in the present paper. Instead, we will use Fourier multipliers in a crucial way, this approach 
is of interest in its own right. We thus develop an intrinsic differential analysis on quantum tori, 
without frequently referring to the usual tori via transference as in m- This is a major advantage 
of the present methods over those of m- We hope that the study carried out here would open 
new perspectives of applications and motivate more future research works on quantum tori or in 
similar circumstances. In fact, one of our main objectives of developing analysis on quantum tori 
is to gain more insights on the geometrical structures of these objects, so ultimately to return back 
to their differential geometry. 

To describe the content of the paper, we need some definitions and notation (see the respective 
sections below for more details). Let d > 2 and 6 = {Okj) be a real skew-symmetric d x d-matrix. 
The d-dimensional noncommutative torus Ag is the universal C*-algebra generated by d unitary 
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operators Ui,... ,Ud satisfying the following commutation relation 

UkUj = UjUk, l<j,k<d. 

Let U = (C/i, • • • , Ud)- For m = {mi, - ■ ■ , md) S 1’^, set 

jjm ^ 

A polynomial in [/ is a finite sum: 

X — ^ ^ ot<fYiU , oijYi € C. 

mGZ'^ 

For such a polynomial x, we define t{x) = oq. Then r extends to a faithful tracial state on 
Ae- Let Tg be the w*-closure of Ag in the GNS representation of t. This is our d-dimensional 
quantum torus. It is to be viewed as a deformation of the usual d-torus T'^, or more precisely, of the 
commutative algebra Loo(T‘^)- The noncommutative Lp-spaces associated to (Tg,r) are denoted 
by Lp(Tg). The Fourier transform of an element x G Li(Tg) is defined by 

x(m) = t{(17"^)*x), mGZ‘^. 

The formal Fourier series of x is 

X ^ ^ x{m)U^ . 

The differential structure of is modeled on that of Let 

‘^(Te) = { X! ■ {“mlrnGZ-i rapidly decreasing}. 

rnGZ"^ 

This is the deformation of the space of infinitely differentiable functions on T^; it is the Schwartz 
class of Tg. Like in the commutative case, 5(Tg) carries a natural locally convex topology. Its 
topological dual 5'(Tg) is the space of distributions on Tg. The partial derivations on 5(T^) are 
determined by 

dj{Uj) = 2TTiUj and dj{Uk)=0, k^j, 1 < j, fc < d. 

Given m = (mi,..., m^) G Nq (Nq denoting the set of nonnegative integers), the associated partial 
derivation is defined to be . The order of D™ is |m|i = mi -I- • • • -I- md- Let 

A = i9i -I- • • • -I- be the Laplacian. By duality, the derivations and Fourier transform transfer to 
5'(T^) too. 

Fix a Schwartz function Lp on satisfying the usual Littlewood-Paley decomposition property 
expressed in (13.11) . For each fc > 0 let ipk be the function whose Fourier transform is equal to 
ip{2~^-). For a distribution x on Tf, define 

ipk* X = ^ ip{2~^m)x{m)U^ . 
mez*^ 

So X I—>■ + a; is the Fourier multiplier with symbol (f{2~^-). 

We can now define the four families of function spaces on Tg to be studied . Let 1 < p, g < oo 
and fc G N, a G R, and let be the Bessel potential of order a: = (1 — (27r)“^A)^. 

• Sobolev spaces: 

Wp{Tg) = {x G 5'(Tg) : D’^x G Lp{Tg) for each m G Ng with |m|i < fc}. 

• Potential or fractoinal Sobolev spaces: 

idp“(T^) = {x G 5'(T^) : J“x G Lp(T^)}. 

• Besov spaces: 

B^,,{n) = {x G 5'(T^) : (|x(0)r + ^ < ^}- 

k>0 

• Triebel-Lizorkin spaces for p < oo : 

= {x G 5'(T^) : || (|x(0)|2 + ^ * x\^) ^ ||^ < oo}. 

fc >0 
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Equipped with their natural norms, all these spaces become Banach spaces. 

Now we can describe the main results proved in this paper by classifying them into five families. 

Basic properties. A common basic property of potential Sobolev, Besov and Triebel-Lizorkin 
spaces is a reduction theorem by the Bessel potential. For example, is an isomorphism from 
Bp^qO^g) onto Bp~^(Tg) for all 1 < p ,9 < oo and a,G R; this is the so-called lifting or reduction 
theorem. Specifically to Triebel-Lizorkin spaces, J“ establishes an isomorphism between Fp’‘^(Tg) 
and the Hardy space 'Hp(Tg) for any 1 < p < 00 . As a consequence, we deduce that the potential 
Sobolev space iJ“(Tg) admits a Littlewood-Paley type characterization for 1 < p < 00 . 

Another type of reduction for Besov and Triebel-Lizorkin spaces is that for any positive integer 
fc, a; G F“’'=(Tg) (resp. Bp g{Tg)) iff all its partial derivatives of order k belong to (resp. 

Concerning Sobolev spaces, we obtain a Poincare type inequality: For any x G WpiTf) with 
1 < p < 00 , we have 

lk-^(o)llp ^ IIVxllp. 

Our proof of this inequality greatly differs with standard arguments for such results in the com¬ 
mutative case. 

We also show that W^iTg) is the analogue for Tg of the classical Lipschitz class of order k. For 
u G K'^, define A^x = n^ix) — x, where 2 ; = • • • , and tTj is the automorphism of 

determined by Uj 1 —>• ZjUj for 1 < j < d. Then for a positive integer fc, is the A:th difference 
operator on associated to u. Note that is also the Fourier multiplier with symbol e^, where 
— 1. The fcth order modulus of Lp-smoothness of an a; G Lp{Tg) is defined to be 

uj^ix,e)= sup ||A^a;|| 

0<|u|<e ^ 

We then prove that for any 1 < p < 00 and fc G N, 

ttiGNq, |m| 

In particular, we recover Weaver’s results [73 [71] on the Lipschitz class on Tg when p = 00 and 
k = l. 

Embedding. The second family of results concern the embedding of the preceding spaces. A 
typical one is the analogue of the classical Sobolev embedding inequality for Wp{Tg): If 1 < p < 
q < 00 such that ^ ^ then 

q p a 

Wp {Tg) C Lq{Tg) continuously. 

Similar embedding inequalities hold for the other spaces too. Combined with real interpolation, the 
embedding inequality of Bp^^lTg) yields the above Sobolev embedding. Our proofs of these embed¬ 
ding inequalities are based on Varopolous’ celebrated semigroup approach m to the Littlewood- 
Sobolev theory, which has also been developed by Junge and Mei |34j in the noncommutative 
setting for the study of BMO spaces on quantum Markovian semigroups. Thus the characteriza¬ 
tion of Besov spaces by Poisson or heat semigroup described below is essential for the proof of our 
embedding inequalities. 

We also establish compact embedding theorems. For instance, the previously mentioned Sobolev 
embedding becomes a compact one Wp (Tg) ^ Lq»{Tg) for any q* with l<q*<q. 

Characterizations. The third family of results are various characterizations of Besov and Triebel- 
Lizorkin spaces. This is the most difficult and technical part of the paper. In the classical case, 
all existing proofs of these characterizations that we know use maximal function techniques in 
a crucial way. As pointed out earlier, these techniques are no longer available. Instead, we use 
frequently Fourier multipliers. We would like to emphasize that our results are better than those 
in literature even in the commutative case. Let us illustrate this by stating the characterization of 
Besov spaces in terms of the circular Poisson semigroup. 
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Given a distribution x on and fc G Z, let 


and 


P,(x) = ^ 0 < r < G 


where | • | denotes the Euclidean norm of and 
Cm,k = \m\ ■ ■ ■ {\m\ — k + 1) if fc > 0 and 


Crri,k — 


1 


if fc < 0. 


{\m\ + 1) ■ ■ ■ {\m\ - k) 

Note that is the fcth derivation operator relative to r- if fc > 0, and the (—fc)th integration 
operator if fc < 0. Then our characterization asserts that for 1 < p,q < oo and a G R, fc G Z with 
k > a, 

dr \ i 


where Xk = x — 


E 

\m\<k 


x{m)U‘ 


max \x[m 

|m| <fc 


(m)r+ / (l-r)('=-“)9||j;'=P,(xfc)| 


P l-ry 


The use of the integration operator (corresponding to negative k) in the above statement is 
completely new even in the case 0 = 0 (the commutative case). This is very natural, and consistent 
with the fact that smaller a is, lower smoothness the elements of Bp^{Tg) have. This is also 
consistent with the previously mentioned lifting theorem. A similar result holds for Triebel-Lizorkin 
spaces too. But its proof is much subtler. For the latter spaces, another improvement of our 
characterization over the classical one lies on the assumption on k: in the classical case, k is 
required to be greater than d + max(a, 0), while we only need to assume k > a. 

The classical characterization of Besov spaces by differences is also extended to the quantum 
setting. This result resembles the previous one in terms of the derivations of the Poisson semigroup. 
For 1 < p, g < oo and a G R, fc G N with 0 < a < fc, let 




de\q 




Then x G ^ 


(Tg) iff < oo. 

The difference characterization of Besov spaces shows that B^^^{Tg) is the quantum analogue 
of the classical Zygmund class. In particular, for 0 < a < 1, B^^^{Tg) is the Holder class of order 
a, already studied by Weaver m- 

In the commutative case, the limit behavior of the quantity ||a;||Bp’“ a —>■ k or a —^ 0 are 
object of a recent series of publications. This line of research was initiated by Bourgain, Brezis 
and Mironescu mM who considered the case a —?► 1 (fc = I). Their work was later simplified 
and extended by Maz’ya and Shaposhnikova [H]. Here, we obtain the following analogue for of 
their results: For 1 < p < oo, I < g < oo and 0 < a < fc with fc G N, 


lim (fc- a)«||j:||B° 

a.—¥k 


lim a 11 
a-s-O 




q 


q 


E I 


D^‘ 


Ip 


with relevant constants depending only on d and k. 


Interpolation. Our fourth family of results deal with interpolation. Like in the usual case, the 
interpolation of Besov spaces is quite simple, and that of Triebel-Lizorkin spaces can be easily 
reduced to the corresponding problem of Hardy spaces. Thus the really hard task here concerns 
the interpolation of Sobolev spaces for which we have obtained only partial results. The most 
interesting couple is (Wf(Tg), W^{Tg)). Recall that the complex interpolation problem of this 
couple remains always unsolved even in the commutative case (a well-known longstanding open 
problem which is explicitly posed by P. Jones in [571 P- 173]), while its real interpolation spaces 
were completely determined by DeVore and Scherer m- We do not know, unfortunately, how to 
prove the quantum analogue of DeVore and Scherer’s theorem. 
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However, we are able to extend to the quantum tori the K-functional formula of the couple 
(Lp(]R‘^), Wp{'R‘^)) obtained by Johnen and Scherer [50] , This result reads as follows: 

Lp{Ti),W^{T^g)) 0 < e < 1. 

As a consequence, we determine the real interpolation spaces of (Lp(Tg), Wp{Tg)), which are 
Besov spaces. 

The real interpolation of fVp (R'^)) is closely related to the limit behavior of Besov 

norms described previously. We show that it implies the optimal order (relative to a) of the best 
constant in the embedding of i?“p(Tg) into LqiTg) for ^ ^ ^ and 0 < a < 1 , which is the 

quantum analogue of a result of Bourgain, Brezis and Mironescu. On the other hand, the latter 
result is equivalent to the Sobolev embedding W^iTg) C Lqi^f) for ^ = i — g- 

Multipliers. The last family of results of the paper describe Fourier multipliers on the preceding 
spaces. Like in the Lp case treated in HZ], we are mainly concerned with completely bounded 
Fourier multipliers. All spaces in consideration carry a natural operator space structure in Pisier’s 
sense. We show that the completely bounded Fourier multipliers on Wpi^f) are independent of 0, 
so they coincide with those on the usual Sobolev space Wp{T'^). This is the Sobolev analogue of the 
corresponding result for Lp proved in m The main tool is Neuwirth-Ricard’s transference between 
Fourier multipliers and Schur multipliers in [48) . A similar result holds for the Triebel-Lizorkin 
spaces too. 

The situation for Besov spaces is very satisfactory since it is well known that Fourier multipliers 
behave much better on Besov spaces than on Lp-spaces (in the commutative case). We prove that 
a function cj) on Z'^ is a (completely) bounded Fourier multiplier on Bpq(Tg) iff the (j)(p{2~^-ys are 
(completely) bounded Fourier multipliers on Lp(Tg) uniformly in fc > 0. Consequently, the Fourier 
multipliers on 5“,j(Tg) are completely determined by the Fourier multipliers on Lp{Tg) associated 
to their components in the Littlewood-Paley decomposition. So the completely bounded multipliers 
on Byq{Tg) depend solely on p. In the case of p = 1, a multiplier is bounded on Bf q{Tg) iff it 
is completely bounded iff it is the Fourier transform of an element of Bi^{T‘^). Using a classical 
example of Stein-Zygmund [69], we show that there exists a (j) which is a completely bounded 
Fourier multiplier on B^qiT'g) for all p but bounded on Lp(Tg) for no p 7 ^ 2. 

We will frequently use the notation A < B, which is an inequality up to a constant: A < cB for 
some constant c > 0. The relevant constants in all such inequalities may depend on the dimension 
d, the test function p or etc. but never on the functions / or distributions x in consideration. 
The main results of this paper have been announced in [81j . 

Chapter 1. Preliminaries 

This chapter collects the necessary preliminaries for the whole paper. The first two sections 
present the definitions and some basic facts about noncommutative Lp-spaces and quantum tori 
which are the central objects of the paper. The third one contains some results on Fourier mul¬ 
tipliers that will play a paramount role in the whole paper. The last section gives the definitions 
and some fundamental results on operator-valued Hardy spaces on the usual and quantum tori. 
This section will be needed only starting from chapter |3] on Triebel-Lizorkin spaces. 

1 . 1 . Noncommutative Lp-sPACES 

Let A1 be a von Neumann algebra equipped with a normal semifinite faithful trace r and Sj^ 
be the set of all positive elements x in M. with t{s{x)) < 00 , where s{x) denotes the support of x, 
i.e., the smallest projection e such that exe = x. Let Sm be the linear span of Sj^. Then every 
X £ Sm has hnite trace, and Sm is a w*-dense *-subalgebra of M. 

Let 0 < p < 00 . For any x £ Sm, the operator |a;|P belongs to Sj^ (recalling |a;| = {x*x)^). We 
define 

Ikllp = (r(|a;|P))^. 

One can check that || • ||p is a norm on Sm- The completion of ( 5 ^ 11 II ■ Up) is denoted by 
Lp{Ai), which is the usual noncommutative Lp-space associated to (A1,t). For convenience, we 
set Laa{M.) = M. equipped with the operator norm || • ||^. The norm of Lp{M) will be often 
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denoted simply by || • ||p. But if different Lp-spaces appear in a same context, we will sometimes 
precise their norms in order to avoid possible ambiguity. The reader is referred to [57] and |82j for 
more information on noncommutative Tp-spaces. 

The elements of Lp{M) can be described as closed densely defined operators on H {H being the 
Hilbert space on which M acts). A closed densely defined operator a; on is said to be affiliated 
with M if ux = XU for any unitary u in the commutant M' of M. An operator x affiliated with 
M is said to be measurable with respect to (A4 , r) (or simply measurable) if for any (5 > 0 there 
exists a projection e G B[H) such that 

e{H) C Dom{x) and T(e'*‘) < S, 


where Dom{x) defines the domain of x. We denote by Lq{M,t), or simply Lq[M) the family of 
all measurable operators. For such an operator x, we define 

A^(x) = r(e^(|x|)), s>0 

where e^(x) = l(s,oo)(a^) is the spectrum projection of x corresponding to the interval (s,oo), and 

^it{x) = inf{s > 0 : \a{x) < t}, t> 0. 


The function s i—> (x) is called the distribution function of x and the /it (x) the generalized singular 
numbers of x. Similarly to the classical case, for 0 < p < oo,0 < q < oo, the noncommutative 
Lorentz space Lp^q{A4) is defined to be the collection of all measurable operators x such that 

poo Jj. ^ 

’ < oo. 

Clearly, Lp^p{M) = Lp[M). The space Tp,oo(Af) is usually called a weak Lp-space, 0 < p < oo, 
and 

Ikllp.oo = supsAs(x)p. 

s>0 

Like the classical Lp-spaces, noncommutative Lp-spaces behave well with respect to interpola- 
tion. Our reference for interpolation theory is [8]. Let l<po<Pi<oo,l<g<oo and 0 < rj < 1. 
Then 


(1.1) (Z/pj,(Al), Lpi(Ad))^ — Lp(Ad) and (Z/p(,(Al), Z/p,(Al))^^^ — Lp_q(Al), 

where i = + 2L. 

P Pa Pi 

Now we introduce noncommutative Hilbert space-valued Lp-spaces Lp{M;H^) and Lp{M] H^), 
which are studied at length in [^. Let iZ be a Hilbert space and v a norm one element of iZ. Let 
Pv be the orthogonal projection onto the one-dimensional subspace generated by v. Then define 
the following row and column noncommutative Lp-spaces: 

Lp{M]H'') = (p, ® Im)Lp{B{H)®M), 

Lp{M-,H‘=) = Lp{B{H)®M){py ® l^i), 


where the tensor product B{H)®M is equipped with the tensor trace while B{H) is equipped with 
the usual trace. For / G Lp{M; ZZ^), 

ll/l|Lp(A1;ff'=) = \\{f*f)^\\Lp{M)- 

A similar formula holds for the row space by passing to adjoints: / G Lp{M;H^) iff /* G 
Lp{M-,H<=), and \\f\\Lp(M-,Hi-) = ll/*llM 7 W;ff=)- It is clear that Lp{M; H‘^) and Lp{M; H^) are 
1-complemented subspaces of Lp{B{H)®M) for any p. Thus they also form interpolation scales 
with respect to both complex and real interpolation methods: Let 1 < po,Pi < cxd and 0 < 77 < 1. 
Then 

(Lp„ {M ; H-) , Lp, (At; ZZ=))^ = Lp(M; ZZ=), 

{Lp„iM;H% Lp,{M;H^))^^^ = Lp{M;H% 

where - = . The same formulas hold for row spaces too. 

P Po Pi ^ 
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1.2. Quantum tori 

Let d > 2 and 9 = {9kj) be a real skew symmetric d x d-matrix. The associated d-dimensional 
noncommutative torus Ae is the universal C*-algebra generated by d unitary operators Ui,... ,Ud 
satisfying the following commutation relation 

(1.3) C/feC/, j,fc = l,...,d. 


We will use standard notation from multiple Fourier series. Let U = {Ui,--- ,Ud)- For m = 
(mi, • • • , md) G lA we define 

^ra ^ up 


A polynomial in is a finite sum 


X = ^ with am G C, 


that is, am = 0 for all but finite indices m G lA. The involution algebra Ve of all such polynomials 
is dense in Ae- For any polynomial x as above we define 

t[x) = ao, 

where 0 = (0, • • • ,0). Then, r extends to a faithful tracial state on Ae- Let be the u'*-closure 
of Ae in the GNS representation of r. This is our d-dimensional quantum torus. The state t 
extends to a normal faithful tracial state on that will be denoted again by r. Recall that the 
von Neumann algebra Tg is hyperfinite. 

Any X G LiiTg) admits a formal Fourier series: 

X ^ ^ x{m)U'^, 

where 

x{m) = t{{U"^)*x), mGlA 

are the Fourier coefficients of x- The operator x is, of course, uniquely determined by its Fourier 
series. 

We introduced in m a transference method to overcome the full noncommutativity of quantum 
tori and use methods of operator-valued harmonic analysis. Let T”* be the usual d-torus equipped 
with normalized Haar measure dz- Let Me = Loo(T'^)®Tg, equipped with the tensor trace u = 
f dz ®T. It is well known that for every 0 < p < oo, 

p{Me,iz)'^Lp{T<^-p{Tt))- 

The space on the right-hand side is the space of Bochner p-integrable functions from to Lp(Tg). 
In general, for any Banach space X and any measure space we use Lp[pX) to denote 

the space of Bochner p-integrable functions from fl to AT. For each z G T‘^, define to be the 
isomorphism of determined by 

(1.4) TTziU"^) = • • • z'^^UA^ 

Since t{'kAA)) = t{x) for any x G Tg, tt^ preserves the trace t. Thus for every 0 < p < oo, 

(1.5) lk^(a;)||p = ||a;||p, Va; e Lp(T^). 

Now we state the transference method as follows (see m)- 

Lemma 1.1. For any x G Lp(Tg), the function x '- z Trz(x) is continuous from to Lp(Tg) 
{with respect to the w*-topology for p = oo). If x G Ae, it is continuous from to Ae- 

Corollary 1.2. (i) Let 0 < p < oo. If x G Lp{Tg), then x G Lp{Me) and ||a:|p = ||a;||p, that is, 

X X is an isometric embedding from Lp(Tg) into Lp{Me)- Moreover, this map is also an 
isomorphism from Ae into C{ff'^\Ae)- 
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(ii) Let Tg = {x : a; G Tg}. Then is a von Neumann subalgebra of J\fg and the associated 
conditional expectation is given by 

= Trz(^J^ 7r^[/(w)]dw), z f G Me- 

Moreover, E extends to a contractive projection from Lp{Afe) onto Lp(Tg) for 1 < p < oo. 

(iii) Lptffg) is isometric to LpiTf) for every 0 < p < oo. 

1.3. Fourier multipliers 

Fourier multipliers will be the most important tool for the whole work. Now we present some 
known results on them for later use. Given a function ^ C, let denote the associated 

Fourier multiplier on namely, M^f(m) = (j>{m)f{m) for any trigonometric polynomial / on 
T^. We call cf a multiplier on Lp(T^) if extends to a bounded map on Lp(T^). Fourier 
multipliers on are defined exactly in the same way, we still use the same symbol to denote 
the corresponding multiplier on Tg too. Note that the isomorphism tt^ dehned in (na) is the 
Fourier multiplier associated to the function given by = z™. 

It is natural to ask if the boundedness of M^j, on Lp(T‘^) is equivalent to that on Lp{Tg). This is 
still an open problem. However, it is proved in m that the answer is affirmative if “boundedness” 
is replaced by “complete boundedness”, a notion from operator space theory for which we refer 
to [23| and [55) . All noncommutative Lp-spaces are equipped with their natural operator space 
structure introduced by Pisier [541155] . 

We will use the following fundamental property of completely bounded (c.b. for short) maps 
due to Pisier [^. Let E and F be operator spaces. Then a linear map T : E ^ F is c.b. iff 
Idsp 0 T : S'p[i?] — Sp[F] is bounded for some 1 < p < oo. In this case, 

\\T\U=\\lds^®T:Sp[E]^Sp[F]\\. 

Here S'p[i?] denotes the A-valued Schatten p-class. In particular, if A = C, 5'p[C] = Sp is the 
noncommutative Lp-space associated to B{£ 2 ), equipped with the usual trace. Applying this cri¬ 
terion to the special case where E = F = Lp{Ai), we see that a map T on Lp{Ai) is c.b. iff 
Idsp 0 T : Lp{B{l 2 )®M) —>■ Lp{B{£ 2 )®M) is bounded. The readers unfamiliar with operator 
space theory can take this property as the definition of c.b. maps between Lp-spaces. 

Thus ^ is a c.b. multiplier on Lpiffg) if is c.b. on Lp (T^), or equivalently, if Idg^ 0 
is bounded on Lp{B{i 2 )®Tg). Let M(Lp(Tg)) (resp. Mcb(.bp(Tg))) denote the space of Fourier 
multipliers (resp. c.b. Fourier multipliers) on Lp(Tg), equipped with the natural norm. When 
0 = 0, we recover the (c.b.) Fourier multipliers on the usual d-torus T'^. The corresponding 
multiplier spaces are denoted by M(Lp(T'^)) and Mcb(LpCir'^)). Note that in the latter case {9 = 0), 
Lp(i?(i! 2 ) 0 Tg) = Lp(T‘^;5'p), thus ^ is a c.b. multiplier on Lp{T‘^) iff extends to a bounded 
map on Lp(T‘^; Sp). 

The following result is taken from m- 

Lemma 1.3. Let 1 < p < oo. Then Mcb(Lp(Tg)) = Mcb(Lp(T‘^)) with equal norms. 

Remark 1.4. Note that Mcb(Li(T‘^)) = Mcb(Loo(T'^)) coincides with the space of the Fourier 
transforms of bounded measures on T'^, and Mcb(A 2 (T'^)) with the space of bounded functions on 

The most efficient criterion for Fourier multipliers on Lp{T‘^) for 1 < p < oo is Mikhlin’s 
condition. Although it can be formulated in the periodic case, it is more convenient to state this 
condition in the case of K'^. On the other hand, the Fourier multipliers on T'^ used later will be the 
restrictions to Z^ of continuous Fourier multipliers on As usual, for m = (mi, • • • ,md) G Nq 
( recalling that Nq denotes the set of nonnegative integers), we set 

Dm ^ ^ 

where dk denotes the fcth partial derivation on M.‘^. Also put |m|i = mi -|- • —h m^. The Euclidean 
norm of is denoted by | • |: |^| = + • • • + ^^. 
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Definition 1.5. A function </> : —>■ C is called a Mikhlin multiplier if it is d-times differentiable 

on \ {0} and satisfies the following condition 

||(^||m = sup{|^|l'"li|£)™0(^)| : ^ € R^'V {0}, m £ Nq, |m|i < d} < oo. 

Note that the usual Mikhlin condition requires only partial derivatives up to order [|] + 1 (see, 
for instance, [35J section 11.6] or [Ml Theorem 4.3.2]). Our requirement above up to order d is 
imposed by the boundedness of these multipliers on UMD spaces. We refer to section [4Tl for the 
usual Mikhlin condition and more multiplier results on T^. 

It is a classical result that every Mikhlin multiplier is a Fourier multiplier on Lp(R^) for 1 < 
p < oo (cf. [m section II.6] or [Ml Theorem 4.3.2]), so its restriction is a Fourier multiplier 
on Lp{T‘^) too. It is, however, less classical that such a multiplier is also c.b. on Tp(R‘^) or Lp{T‘^). 
This follows from a general result on UMD spaces. Recall that a Banach space X is called a UMD 
space if the A-valued martingale differences are unconditional in Lp{Q,] X) for any 1 < p < oo and 
any probability space (D,P). This is equivalent to the requirement that the Hilbert transform be 
bounded on Lp(R‘^; X) for 1 < p < oo. Any noncommutative Lp-space with I < p < oo is a UMD 
space. We refer to unmani for more information. 

Before proceeding further, we make a convention used throughout the paper: 

Convention. To simplify the notational system, we will use the same derivation symbols for R'^ 
and Thus for a multi-index m £ Nq, D™ = ■ ■ ■ 9™'^, introduced previously, will also denote 

the partial derivation of order m on Similarly, A = 9^ -I- • • • -I- 9^ will denote the Laplacian 
on both R'^ and In the same spirit, for a function </> on R'^, we will call (j) rather than a 
Fourier multiplier on Lp(T'^) or Lp(Tg). This should not cause any ambiguity in concrete contexts. 
Considered as a map on Lp(T‘^) or Lp(Tg), will be often denoted by/i->-^*/ora;i->'^*a;. 

Note that the notation (j)*f coincides with the usual convolution when ij) is good enough. Indeed, 
let (j) be the 1-periodization of the inverse Fourier transform of (j) whenever it exists in a reasonable 
sense: 

(j){s) = -f m), s £ R"^ . 

Viewed as a function on T^, (j) admits the following Fourier series: 

rnGZ"^ 

Thus for any trigonometric polynomial /, 

(f)*f[z)= I (j){zw~^)f{w)dw, z £ . 

The following lemma is proved in [43l [84] (see also [12] for the one-dimensional case). 

Lemma 1.6. Let X be a UMD space and 1 < p < oo. Let (j) be a Mikhlin multiplier. Then (j) 
is a Fourier multiplier on Lp(T^;A). Moreover, its norm is controlled by ||(/)||mi P o,nd the UMD 
constant of X. 

Since Sp is a UMD space for 1 < p < oo, combining Lemmas 11.31 and flMl and Remark [TM we 
obtain the following result. 

Lemma 1.7. Let (j) be a function on R*^. 

(i) If is integrable on R'^, then cf is a c.b. Fourier multiplier on Lp(Tg) for 1 < p < oo. 

Moreover, its c.b. norm is not greater than || J^“^((/))||^^. 

(ii) If (j) is a Mikhlin multiplier, then (j> is a c.b. Fourier multiplier on Lp(Tg) for 1 < p < oo. 

Moreover, its c.b. norm is controlled by ||(/)|]m andp. 

1.4. Hardy spaces 

We now present some preliminaries on operator-valued Hardy spaces on and Hardy spaces 
on Tg. Motivated by the developments of noncommutative martingale inequalities in [MUSS] and 
quantum Markovian semigroups in [32] . Mei [44] developed the theory of operator-valued Hardy 
spaces on R'^. More recently, Mei’s work was extended to the torus case in m with the objective of 
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developing the Hardy space theory in the quantum torus setting. We now recall the definitions and 
results that will be needed later. Throughout this section, j\4 will denote a von Neumann algebra 
equipped with a normal faithful tracial state r and A/” = Loo (T^)® Ad with the tensor trace. In our 
future applications, Ad will be Tg. 

A cube of is a product Q = Ii x ■ ■ ■ x Id, where each Ij is an interval (= arc) of T. As in 
the Euclidean case, we use \Q\ to denote the normalized volume (= measure) of Q. The whole 
is now a cube too (of volume 1). 

We will often identify with the unit cube = [0, l)'^ via • • • , O (si, • • • , Sd)- 

Under this identification, the addition in is the usual addition modulo 1 coordinatewise; an 
interval of I is either a subinterval of I or a union [b, 1] U [0, a] with 0 < a < b < 1, the latter union 
being the interval [6—1, a] of I (modulo 1). So the cubes of are exactly those of T'^. Accordingly, 
functions on T”* and are identified too; they are considered as 1-periodic functions on Thus 
JV = Loo (T-^)® Ad = Loo(I‘^)®Ad. 


We define BMO°(T‘^, Ad) to be the space of all / € L 2 {Af) such that 


II/IIbmo" = max{||/Td||^, sup 

QcT'^cube 




f{w)dw\^dz } < 


M 


oo. 


The row BMO’’(T'^, Ad) consists of all / such that /* € BMO^(T‘^, Ad), equipped with ||/||bmO'- = 
||/*||bmO‘=- Finally, we define mixture space BMO(T‘^, Ad) as the intersection of the column and 
row BMO spaces: 

BMO(T‘*, Ad) = BMO^(T‘^, Ad) n BMO’'(T^*, Ad), 

equipped with ||/||bmo = maxdl/UBMO” , II/IIbmo-)- 

As in the Euclidean case, these spaces can be characterized by the circular Poisson semigroup. 
Let P,. denote the circular Poisson kernel of 


( 1 . 6 ) 


P^(z) = Y, z e 0 < r < 1 . 


The Poisson integral of / G Li(A/’) is 

p^(/)(z)= [ Pr{zw-^)f{w)dw = V 7(m)rl’"lz™. 

meZ'^ 

Here / denotes, of course, the Fourier transform of /: 


/(m)= / f{z)z-^dz. 

JTi 


It is proved in m that 


(1.7) sup / |/(^)-T^ f fiw)dw\'^dz « sup ||P,.(|/- Pr(/)| 

QCT'^cube lOI JQ lOI JQ M 0<r<l 


IW 


with relevant constants depending only on d. Thus 


Ibmo” ~ max{||7(0)||7K, sup \\Fr{\f - ■ 


0<r<l 


Now we turn to the operator-valued Hardy spaces on which are defined by the Littlewood- 
Paley functions associated to the circular Poisson kernel. For / G define 


For 1 < p < oo, let 


= { I \dr^rif)iz)\ (l-r)dr) , z G T"*. 


n;{T\M) = {f G L,{Af) : WfWni < 


where 


ll/llwj — \\fi^)\\Lp{M) + I|s‘'(/)IILp(N)- 
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The row Hardy space is defined to be the space of all / such that f* € TLp{T‘^,M), 

equipped with the natural norm. Then we define 




M) if 1 < p < 2 , 
n;{T‘^,M)nn;{T‘^,M) a 2<p<oo, 


equipped with the sum and intersection norms, respectively: 

inf {||5llw“ + ll^llw; ■ f = 9 + h} 

^ max(||/||«c , ll/llwr) 

The following is the main results of m Section 8] 


\n„ - 


if 1 < p < 2, 
if 2 < p < oo. 


Lemma 1.8. (i) Let 1 < p < oo. Then = Lp{J\f) with equivalent norms. 

(ii) The dual space coincides isomorphically with BMO°(T'^, Vf). 

(iii) Let 1 < p < oo. Then 

(BMO^(T^7W), ■HJ(T^7W))i ='H°(T^7W) 

P ^ 

(BMO=(T^7W), = 

Similar statements hold for the row and mixture spaces too. 


By transference, the previous results can be transferred to the quantum torus case. The Poisson 
integral of an element x in Ti(Tg) is defined by 

P,.(a:) = 0 < r < 1. 

Its associated Littlewood-Paley p-function is 

/■i i 

s‘^{x) = (y |5rPr(a:^)|^(l — r)dr'^ ^. 

For 1 < p < oo let 

M\h- = |^(0)| + ||s'=(a;)||ip(Td)- 
The column Hardy space 'Hp(Tg) is then defined to be 

H;(T^) = {a:eLi(T^): <oo}. 

On the other hand, inspired by HZ}, we define 

BMO^(Tg) = {a; e L 2 (Tg) : sup ||Pr(|a: - Pr(a;)P) Ld < oo}i 

0<'r<l ^ 

equipped with the norm 

||a;||BMO“ = niax{|x(0)|, sup ||Pr(|x - Pr(x)p) 11.^^ }. 

0<r<l 0 

The corresponding row and mixture spaces are defined similarly to the preceding torus setting. 
Lemma If.81 admits the following quantum analogue: 

Lemma 1.9. (i) Let 1 < p < oo. Then T-Lpifff) = Lpifff) with equivalent norms. 

(ii) The dual space o/HJ(Tg) coincides isomorphically with BMO'^(Tg). 

(iii) Let 1 < p < oo. Then 

(BMO=(T^), ni{Ti))._ =n'p{Ti) = (BMO=(T^), ?^J(T^))i,p. 

Similar statements hold for the row and mixture spaces too. 

In the above definition of 'Hp(Tg), the Poisson kernel can be replaced by any reasonable smooth 
function. Let V' be a Schwartz function on and 'ifj be the function whose Fourier transform is 
The map x ijjj * x is the Fourier multiplier on Tg associated to ipj. Now we define the 
square function associated to if of an element x G Li{Tf) by 

*^r) "■ 

j>0 
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The following lemma is the main result of [50]. We will need it essentially in the case oi p = 1. 

Lemma 1.10. Let \ < p < oo, and let ip be a Schwartz function that does not vanish in : 1 < 
1^1 < 2}. Then x € TLp{Tg) iff s^{x) G Lp(Tg). In this case, we have 

where the equivalence constants depend only on d,p and ip. 


Chapter 2. Sobolev spaces 

This chapter starts with a brief introduction to distributions on quantum tori. We then pass 
to the definitions of Sobolev spaces on and give some fundamental properties of them. Two 
families of Sobolev spaces are studied: Wp{Tg) and the fractional Sobolev spaces Hp{Tg). We 
prove a Poincare type inequality for Wp(Tg) for any 1 < p < oo. Our approach to this inequality 
seems very different from existing proofs for such an inequality in the classical case. We show that 
W^iffg) coincides with the Lipschitz class of order k, studied by Weaver [771 [75]. We conclude 
the chapter with a section on the link between the quantum Sobolev spaces and the vector-valued 
Sobolev spaces on the usual d-torus T^. 


2.1. Distributions on quantum tori 


In this section we give an outline of the distribution theory on quantum tori. Let 
‘5(Te) = { X] ■ {“mlrnGZ-i rapidly decreasing}. 

meZ"^ 


This is a w*-dense *-subalgebra of Tg and contains all polynomials. We simply write 5 (Tq) = 
5(T^), the algebras of infinitely differentiable functions on T^. Thus for a general 9, 5(Tg) should 
be viewed as a noncommutative deformation of 5(T‘^). We will need the differential structure on 
S{Tg), which is similar to that on 5(T‘^). 

According to our convention made in section 11.31 and in order to lighten the notational system, 
we will use the same derivation notation on as on T'^. For every 1 < j < d, define the following 
derivations, which are operators on 5(Tg): 

djiUj) = 2TriUj and dj{Uk) = 0 for k ^ j. 

These operators dj commute with the adjoint operation and play the role of the partial deriva¬ 
tions in the classical analysis on the usual d-torus. Given m = (mi,... ,md) G Nq, the associated 
partial derivation D™ is We also use A to denote the Laplacian: A = 9^. 

The elementary fact expressed in the following remark will be frequently used later on. 

Restricted to L 2 (Tg), the partial derivation dj is a densely defined closed (unbounded) operator 
whose adjoint is equal to —dj. This is an immediate consequence of the following obvious fact (cf. 

my- 

Lemma 2.1. If x,y G 5(Tg), then T{dj{x)y) = —T{xdj{y)) for j = 1, • • • , d. 

Thus A = —(9i9i -I- • • • -b dgdd), so —A is a positive operator on L 2 {Tf) with spectrum equal 
to { 47 r^|mp : m G Z‘^}. 


Remark 2.2. Given u G let Cu be the function on defined by eu(0 = where u ■ ^ 

denotes the inner product of The Fourier multiplier on Tg associated to coincides with tt^ 
in (jl.4|) with z = This Fourier multiplier will play an important role in the 

sequel. By analogy with the classical case, we will call it the translation by u and denote it by T^: 
Tu{x) = "Xzix) for any x G S(Tg). Then it is clear that 


( 2 . 1 ) 


11=0 


= djx. 


Following the classical setting as in [22], we now endow 5(Tg) with an appropriate topology. 
For each k G Ng define a norm pk on 5(Tg) by 

Pk(x) = sup ||D™x||oo- 

0<|m|i<A; 
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The sequence {pk}k>o induces a locally convex topology on 5(Tg). This topology is metrizable by 
the following distance: 


d{x,y) 


^ 2 '^pkjx - y) 
^ \+Pk{x-y) 


with respect to which 5(Tg) is complete, an easily checked fact. The following simple proposition 
describes the convergence in iS(Tg). 


Proposition 2.3. A sequence {Xn} C iS(Tg) converges to x G 5(Tg) if and only if for every 
m G D'^Xn D^x in T^. 


Proof. Without loss of generality, we assume a; = 0. Suppose that a:„ —0 in iS(Tg). Then for 
m G Nq and £ > 0, there exists an integer N such that for every n > N, 


d{Xn j 0) 


^ 1 

k=0 


2 ^Pk(Xn) ^ 


■Pk(Xn) 


1 + £ 


Thus, p\m\i{xn) < £, SO ||||oo < £, which means D'^Xn —>■ 0 in Tg. 

Conversely, assume that for every m G Nq, D^Xn —>■ 0 in Tg. For £ > 0 let Nq be an integer 
such that J2k>No‘^~^ ^ §■ Since D^Xn 0 for |m|i < Nq, there exists iV G N such that for 
n> N, 

2 ^Pk{xn) ^ £ 

^^l+Pk{Xn) 2 ' 

Consequently, d(xn,0) < e. □ 


Definition 2.4. A distribution on Tg is a continuous linear functional on 5(Tg). 5'(Tg) denotes 
the space of distributions. 

As a dual space, 5'(Tg) is endowed with the w*-topology. We will use the bracket (, ) to denote 
the duality between 5(Tg) and S'(Tg): {F, x) = F{x) for x G 5(Tg) and F G 5'(Tg). We list some 
elementary properties of distributions: 

(1) For 1 < p < oo, the space Lp{Tf) naturally embeds into S'{Tf): an element y G Lp{Tg) induces 
a continuous functional on 5(Tg) by a: i—>■ T{yx). 

(2) 5(Tg) acts as a bimodule on 5'(Tg): for a, & G 5(Tg) and F G 5'(Tg), aFh is the distribution 
defined by x i—>■ (F, bxa). 

(3) The partial derivations dj extend to 5'(Tg) by duality: (9jF, x) = —{F, djx). For m G Nq, we 
use again to denote the associated partial derivation on 5'(Tg). 

(4) The Fourier transform extends to S'{Tg)-. for F G 5'(Tg) and m G F{m) = {F, (C/™)*). 
The Fourier series of F converges to F according to any (reasonable) summation method: 

F= F{m)U^ . 


2.2. Definitions and basic properties 

We begin this section with a simple observation on Fourier multipliers on 5(Tg) and 5'(Tg). 
Let (() : Z^* —>■ C be a function of polynomial growth. Then its associated Fourier multiplier is 
a continuous map on both 5(Tg) and S'{Tf). Here and in the sequel, a generic element of 5'(Tg) 
is also denoted by x. Two specific Fourier multipliers will play a key role later: they are the Bessel 
and Riesz potentials. 

Definition 2.5. Let a G M. Define Ja on and la on \ {0} by 

^(0 = (l + ien^ and la{0 = \^r- 

Their associated Fourier multipliers are the Bessel and Riesz potentials of order a, denoted by J“ 
and respectively. 

By the above observation, J“ is a Fourier multiplier on 5'(Tg), and /“ is also a Fourier multiplier 
on the subspace of 5'(Tg) of all x such that x(0) = 0. Note that 

J“ = (1 - (27r)-2A)t and /“ = A)^. 
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Definition 2.6. Let 1 < p < oo, k gN and a G M. 

(i) The Sobolev space of order k on is defined to be 


Wp(Tg) = {x G 5'(Tg) : D'^x G Lp(Tg) for each m G Ng with \m\i < fc} 


equipped with the norm 




0< |m| 1 <A; 


(ii) The potential (or fractional) Sobolev space of order a is defined to be 


= {xG 5'(T^) : J“x G Tp«)}, 


equipped with the norm 



In the above definition of ||x||t/i/^, we have followed the usual convention for p = oo that the 
right-hand side is replaced by the corresponding supremum. This convention will be always made 
in the sequel. We collect some basic properties of these spaces in the following: 

Proposition 2.7. Let 1 < p < oo, fc G N and a G M. 

(i) Wp{Tg) and Hp{Tf) are Banach spaces. 

(ii) The polynomial subalgebra Vg o/T^ is dense in Wp{Tg) and Hp(Tg) for 1 < p < oo. Conse¬ 
quently, 5(Tg) is dense in (T^) and iL“(Tg). 

(iii) For any /3 G M, is an isometry from HpiTf) onto iL““^(Tg). In particular, J“ is an 
isometry from Hp iff g) onto Lpiffg). 

(iv) HpiTf) C Hj^iffg) continuously whenever ft < a. 

Proof, (iii) is obvious. It implies (i) for Hp{Tg). 

(i) It suffices to show that Wp{Tg) is complete. Assume that {x„} C Wp{Tg) is a Cauchy 

sequence. Then for every |m|i < k, is a Cauchy sequence in Lp{Tg), so D"^Xn —t Vm in 

LpiTg). Particularly, converges to ym in 5'(Tg). On the other hand, since x„ —>■ yo in 

LpiTg), for every x G 5('irg) we have T{xnD'^x) —>■ r(?/oD’"x). Thus {D'^Xn}n converges to D'^yo 
in 5'(Tg). Consequently, D'^yo = ym for |m|i < k. Hence, j/o G WpiTg) and x„ —>■ j/o in Wpiff^). 

(ii) Consider the square Fejer mean 




mGZ‘^,maxj |7nj|<Y 


By [T71 Proposition 3.1], \im]\f^oo Fn{x) = x in Lp{Tf). On the other hand, Fat commutes with 
D™". Fm(,D'^x) = D^Fn{x). We then deduce that limAr_,oo F/v(x) = x in Wp(Tg) for every 
X G Wp{Tg). Thus Vg is dense in Wp{Tg). On the other hand, F_n and J“ commute; so by (iii), 
the density of Vg in Lp{Tg) implies its density in Hp{Tg). 

(iv) It is well known that if 7 < 0, the inverse Fourier transform of Jg. is an integrable function 
on (see [66l Proposition V.3]). Thus, Lemma ITT tI implies that is a bounded map on Lp{Tg) 
with norm majorized by ||F'“^(J/ 3 _o,)||^^^]jd^. This is the desired assertion. □ 

The following shows that the potential Sobolev spaces can be also characterized by the Riesz 
potential. 

Theorem 2.8. Let 1 < p < 00 . Then 



where the equivalence constants depend only on a and d. 

Proof. By changing a to —a, we can assume a > 0. It suffices to show ||/“x||p ~ ||J“x||p for 
x(0) = 0. By [SSI Lemma V.3.2], ^ is the Fourier transform of a bounded measure on which, 
together with Lemma ITTfl yields ||/“x||p < || J“x||p. 
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To show the converse inequality, let rj be an infinite differentiable function on such that 
viO = 0 for 1^1 < i and r]{^) = 1 for |^| > 1, and let (j) = Jal-a'H- Then the Fourier multiplier 
with symbol (fila coincides with on the subspace of distributions on Tg with vanishing Fourier 
coefficients at the origin. Thus we are reduced to proving T~^{(f)) G Li(K'^). To that end, first 
observe that for any to G Nq, 

^ |^||m|i+2 ■ 

Consider first the case d> 3. Choose positive integers £ and k such that | — 2 < £ < | and fc > f • 
Then by the Cauchy-Schwarz inequality and the Plancherel theorem. 


( f \T ^(/)(s)|ds') < f |s| f 

^d|s|<l ^ d|s|<l d|s|<l 


/|s|<l 

^ E 


< 


mgNg,|m|i=.£ 


1 




|s|<l 

dS, < 1 . 


On the other hand, 

( [ [ 


|s|>i 

^ E 

mGNQ,|m|i=fc 


I ^^ds f ^(/>(s)pds 

d|sl>l 




'ld>i 


Thus is integrable for d> 3. 

If d < 2, the second part above remains valid, while the first one should be modified since the 
required positive integer I does not exist for d < 2. We will consider d = 2 and d = 1 separately. 
For d = 2, choosing 0 < e < 5 , we have 



\J^ ^(^(s)|ds < 





Writing F = F ^ F and using the classical Hardy-Littlewood-Sobolev inequality (see [BSl Theo¬ 
rem V.l]) and the Riesz transform, we obtain 




l|v<^IU< 



< 1 


where ^ = 1 ~ | (so 1 < q < 00 ). Thus we are done in the case d = 2. 
It remains to deal with the one-dimensional case. Write 


«<>(0 = (1 + C ^)^d(C) = d(C)+d(0d(0) CeM\{0}, 

where p(^) = as |^| —>■ 00 . Since 77 — I is infinitely differentiable and supported by [—1, 1], 

its inverse Fourier transform is integrable. So 77 is the Fourier transform of a finite measure on R. 
On the other hand, as pp G Li(R'^), £F~^{prf) is a bounded continuous function, so it is integrable 
on [—1, 1]. On the other hand, by the second part of the preceding argument for d > 3, we see 
that F~^{pr]) is integrable outside [—1, 1] too, whence F~^{pp) G Li(IR‘^). We thus deduce that ij) 
is the Fourier transform of a finite measure on R. Hence the assertion is completely proved. □ 


Theorem 2.9. Let 1 < p < oo. Then Hp{Tg) = Wp{Tg) with equivalent norms. 

Proof. This proof is based on Fourier multipliers by virtue of Lemma 11.71 For any to G Nq with 
|to|i < k, the function 0, defined by = (27ri)l™li^’"(l-f is clearly a Mikhlin multiplier. 

Then for any a; G 5'(T^), 

\\D”^x\\p=\\M^{J^x)\\p<\\.Fx\\p, 
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whence ^ To prove the converse inequality, choose an infinite differentiable function 

X on R such that x = 0 on {^ : |^| < 4“^} and x = 1 on {^ : |^| > 2“^}. Let 


m = Y 


(i + ien^ 


and 


(27ri^j)fc 


■x(Ci)l6l'' H- 

These are Mikhlin multipliers too, and 

J x = + • * * + . 

It then follows that 


j=i 


The assertion is thus proved. 


l<3<d. 


□ 


Remark 2.10. Incidentally, the above proof shows that if 1 < p < oo, then 

3 = 1 

with relevant constants depending only on p and d. 

However, if one allows the above sum to run over all partial derivations of order fc, then p can 
be equal to 1 or oo. Namely, for any 1 < p < oo, 

meNQ, |m|i —fc 

with relevant constants depending only on d. This equivalence can be proved by standard argu¬ 
ments (see Lemma [2.151 below and its proof). In fact, we have a nicer result, a Poincare-type 
inequality: 


ikiip ^ E \\^M\p 

3 = 1 

for any x G ITp (T^) with x(0) = 0. So ||a:||p can be removed from the right-hand side of the above 
equivalence. This inequality will be proved in the next section. 

We conclude this section with an easy description of the dual space of IVp(Tg). Let N = 
N{d, k) = EmGNg. 0<|mU<fc 1 ^nd 

N N 1 

Lp{Tg) equipped with the norm ||a:||iN = (E ■ 

3=1 3=1 

The map x >->■ (Ll'"a;)o<|m|i<fc establishes an isometry from Wp{Tg) into Lp . Therefore, the dual 
of Wp{Tg) with 1 < p < oo is identified with a quotient of L^,, where p' is the conjugate index of 
p. More precisely, for every i G {Wp {Tg))* there exists an element y = (pm)mgN;;, o<|m|i<fe ^ ^p' 
such that 


(Ell-ill?) 


3 = 1 


(2.2) i{x)= E VxGtTp"(T^), 

0< |m| 1 <A: 


and 

¥\\{Wj;y =inf IlylL^, 

the infiinum running over all y G Lp, as above. 

{Wp {Tg))* can be described as a space of distributions. Indeed, let i G {Wp {Tg))* and y G Lp, 
be a representative of £ as in p.2ll . Define £y G 5'(Tg) by 


E 




0<|m|i<A; 


(2.3) 


y ~ 
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Then 

4 ( 2 ^)= X! riym.D'^x) = i{x), a; G 5(T4- 

0<|m|i<fc 

So i is an extension of iy] moreover, 

Pll(iv^)* = ^ extends iy given by (12.dl) }. 

Conversely, suppose i is an element of 5'(Tg) of the above form £y for some y G L^,. Then by the 
density of S{Tg) in Wp{Tg), £ extends uniquely to a continuous functional on W^iT'g). Thus we 
have proved the following 

Proposition 2.11. Let \ < p < 00 and lTp7^(Tg) be the space of those distributions £ which admit 
a representative £y as above, equipped with the norm inf{||y|| 2 ^iv : y as in 1131)}. Then (144(T^))* 

pf y 

is isometric to 

Note that the duality problem for the potential Sobolev spaces is trivial. Since J“ is an isometry 
between H^iTg) and Lp(Tg), we see that for 1 < p < 00 and a G K, the dual space of iJ“(Tg) 
coincides with 1/^1“ (Tg) isometrically. 


2.3. A Poincare-TYPE inequality 


For X G IFp'(Te) let 


\Awf = ( WD'^x 

m^NQ, |m|i=fc 

Theorem 2.12. Let 1 < p < 00 . Then for any x G WyiTf), 


\\i)f 


\X — X 


p 4 klipi • 


More generally, if k G N and x G Wp(Tg) with a;(0) = 0, then 

V0<j<fe. 

Consequently, |ai(0)| -I- \x\’^^k is an equivalent norm on Wpiffg). 

The proof given below is quite different from standard approaches to the Poincare inequality. 
We will divide it into several lemmas, each of which might be interesting in its own right. We start 
with the following definition which will be frequently used later. Note that the function e„ and the 
translation operator T„ have been defined in Remark 12.11 

Definition 2.13. Given u G let du = Cu — 1. The Fourier multiplier on Tg defined by is 
called the difference operator by u and denoted by A„. 

Remark 2.14. Note that Cu is the Fourier transform of the Dirac measure at u. Thus is an 
isometry and is of norm 2 on Lpifff) for any 1 < p < 00 . 

Lemma 2.15. Let 1 < p < 00 , and j,k gN with j < k. Then for any x G Wp(Tg), 

\x\wi, 4 Ikllp”^ ■ 

Proof. Fix X G Wp{Tg) with x(0) = 0. For any m, ^ G we have 

4(4 - ^4u(4L=o ^ (^4u(4 - ^4«(4 L=o)^^ 

/.l pr q2 

= i I ^"“K***^ 

Since 

d d'^ 

( 4 (^rriir • and 0^2 (4 — ^su(4(^^l^ ’ 4 5 

letting u = tSj with t > 0 and Sj the jth canonical basic vector of R'^, we deduce 


AuX — tdiX = 


f f Tsu{t'^djX)dsdr. 

Jo Jo 
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Thus 

t\\djx\\p < ||A„a;||p + J j \\Tsu{d'^j x)\\pds dr < 2||x||p + \\d'jx\\p . 

Dividing by t and taking the infimum over all t > 0, we get 
(2.4) \\djx\\p < 2^\\x\\p\\d^^x\\p. 

This gives the assertion for the case j = 1 and k = 2. An iteration argument yields the general 
case. □ 

Lemma 2.16. Let j G {I,-- - ,(i} and x £ W^iTg) such that mj ^ 0 whenever x{m) ^ 0 /or 
m G Then 

||x||p < c\\d]x\\p, 

where c is a universal constant. More generally, for any x G VDp (Tg) with a;(0) = 0 

Ikllp < ||5|a;||p. 

i=i 

Proof. Assume j = 1. Define ()) : Z —>■ K by 

4>{mi) = —2 ■'^1 G Z \ {0} and (/(mi) = 0 for mi = 0. 

JTl-^ 

We also view (/ as a function on Z'^, independent of (m 2 , • • • , m^). Then the inequality to prove 
amounts to showing that (/ is a bounded Fourier multiplier on Lpifff) for any 1 < p < 00 . This is 
easy. Indeed, let '(/ : R —>■ R be the 27r-periodic even function determined by 

TT^ 

V'(s) = -^-^ for s G [0, tt). 

Then 

27r2 

fj = (j) and M\L,m = ■ 

Thus by Lemma 11.31 (/ is a bounded Fourier multiplier on Lp(Tg) with norm which proves 
the first inequality of the lemma. 

The second one is an immediate consequence of the first. Indeed, let E[/,_... be the trace 
preserving conditional expectation from onto the subalgebra generated by (C/i, • • • , Ud-i). Let 
x' = Ec/,,... ,Ud~ii.x) and Xd = x — x'. Then m^ ^ 0 whenever Xd{m) 0 for m G Z'^. Thus 

\\xd\\p < c\\dlxd\\p = c\\dlx\\p. 

Since x' depends only on (C/i, • • • , Ud-i), an induction argument then yields the desired inequality. 

□ 

Lemma 2.17. The sequence {|®|ivfe}fc>i is increasing, up to constants. More precisely, there exists 
a constant Cd,k such that 

l^lw/ A Cd,k A 1- 

Proof. The proof is done easily by induction with the help of the previous two lemmas. Indeed, 
we have (assuming a;(0) = 0) 



Thus the assertion is proved for fc = 1. Then induction gives the general case. □ 

Proof of Theorem \2.12\ By the preceding lemma, it remains to show ||a;||p < |a;|w^ for any x G 
WpiTf) with a;(0) = 0. By approximation, we can assume that a: is a polynomial. We proceed by 
induction on the dimension d. Consider first the case d = 1. Then 

X = x(mi)t/("^ . 

miGZ\{0} 
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Define 

mi£Z\{0} 

Then div = x and = 9ix. Thus Lemma 12.161 imnlies ||x||r, < l|5ix||,. 

Now consider a polynomial x in {Ui,--- ,Ud)- As in the proof of Lemma 12.161 let x' = 
Xd = X — x' . The induction hypothesis implies 

d—1 _i 

Ik'llp < \x'\wi = ’ 

i=i 

where we have used the commutation between and the partial derivations. 

To handle the term Xd, recalling that 7 ^ 0 whenever Xd{rn) 7 ^ 0 for m £ we introduce 




2TTimd 

Then ddUd = Xd- So by (12.4|) and Lemma [2.161 

Ikdilp < \J\\yd\\p\\djyd\\p < WdjydWp = \\ddXd\\p ■ 

Thus we are done, so the theorem is proved. 


□ 


2.4. Lipschitz classes 

In this section we show that W^(Tg) is the quantum analogue of the classical Lipschitz class 
of order k. We will use the translation and difference operators introduced in Remark 12.11 and 
Definition 12.131 Note that for any positive integer fc, = Tku and is the feth difference 
operator by it £ R'^. 

Definition 2.18. Let fc be a positive integer and x £ Lp{Tg) with 1 < p < 00 . The fcth order 
modulus of Lp-smoothness of x is defined by 

‘yJpix,e)= sup ||A^x|| 

0 <|u|<£- 

Remark 2.19. It is clear that ujp{x,e) < 2*^||a::||p and ujp{x,e) is nondecreasing in e. On the other 
hand, ujp{x,e) is subadditive in e; for k > 2, u!p{x,e) is quasi subadditive in the sense that there 
exists a constant c = Cfc such that ujp{x, e + 77 ) < c (ujp(x, e) + ujp{x, 77 )). 

The following is the main result of this section. It shows that W^(Tg) is the Lipschitz class of 
order k. We thus recover a result of Weaver [771 [78] for fc = 1. 

Theorem 2.20. For any x £ Wp{Tg), we have 


sup 

£>0 


^p{x,e) 


\x\wi: : 


where the equivalence constants depend only on d and k. 

We require the following lemma for the proof. 
Lemma 2.21. For any x £ LpiTf), 


^l{x,e) 

lim ——;- 

£—>■0 


= sup 
0<£<1 


^p{x,£) 


Proof. The assertion for A: = 1 is a common property of increasing and subadditive functions (in 
e), and easy to check. Indeed, for any 0 < e,(5 < 1, choose n £ N such that nd < e < {n + 1)(5. 
Then 

^^p(x,£) ^ n+1 ajp(x,(5) 


e 


n 


5 
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whence the result for fc = 1. The general case is treated in the same way. Instead of being 
subadditive, ujp{x,e) is quasi subadditive in the sense that ujp{x,ne) < n^ojp{x,e) for any n G N. 
The latter follows immediately from 

n—1 n—1 

4. = (E so = (E 

j=0 j=0 

Thus the lemma is proved. □ 

Proof of Theorem \2.2(A If the assertion is proved for all p < oo with constants independent of p, 
the case p = oo will follow by letting p —>■ oo. So we will assume p < oo. 

We first consider the case k = \ whose proof contains all main ideas. As in the proof of 
Lemma [2.151 for any u G we have 

duiO = j ^dtu{Odt = j Odt, C S . 

In terms of Fourier multipliers, this yields 


A„a; = f Ttu{u ■ Vx)dt, 
Jo 


where u ■ Va: = uidix + • • • + UdddX. Since the translation Ttu is isometric, it then follows that 

(2.5) ||A„x||p < |m| IKlSixp H-+ =*' |m| ||Vx||p, 

whence 


lim 
€—^0 S 




To show the converse inequality, by the density of Ve in Wp{Tg) (see Proposition 12.7L we can 
assume that x is a polynomial. Given u G define (p on by 


m = duio - §idtu{o 


t=o 


Then the Fourier multiplier on Tg associated to (p is 

p* X = A„x — u ■ Vx. 

Thus if |it| = e, 


||m • Vx||p < ujp(x, e) + sup || A„x — u ■ Vx||p . 

|li|=E 


Since x is a polynomial. 


lim sup 

£->■0 \u\=e 


I A,^x ri ■ Vx||p 


= 0 . 


For u = (e, 0, • • • , 0), we then deduce 


ll^ixllp < lim 


{x,£) 


£—^0 


Hence the desired assertion for fc = 1 is proved. 

Now we consider the case fc > 1 . (ESI) can be easily iterated as follows: 


IIA^xllp < |«| E \\djK-^x\\p = |u| E 

1=1 i=i 

< 1^1'' E ll^™2;||p Ri lul'^ |x|vi/fc . 

|m|i=fc 


So 


Wp(x,e) 


sup 
E>o e'' 


< 


X|w^ 
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The converse inequality is proved similarly to the case k = 1. Let m G Nq with |m|i = k. For each 
j with rrij > 0, using the Taylor formula of the function d^ej (recalling that (ei, • • • ,ed) denotes 
the canonical basis of we get 




which implies 


d 

Y[ATe^x = e'^D^x + o{e'^) as e: ^ 0. 
j=o 

Thus by the next lemma, we deduce 

d 

\\D"^x\\p < £"'=11 + o(l) < £"'=w^(x,e) + o(l), 

3=0 

whence the desired converse inequality by letting £ —>■ 0. So the theorem is proved modulo the 
next lemma. □ 


Lemma 2.22. Letui,--- Then 

A„,...A„, = ^ (- 1 ) 1^1 

DC{1,--- ,fc} 


where the sum runs over all subsets of {1, • • • , A:}, and where 

ud = 

Consequently, for £ > 0 and x G LpiTf), 

sup ||A„, • • • « a;p(a;,£). 

Proof. This is a well-known lemma in the classical setting (see 0 Lemma 5.4.11]). We outline its 
proof for the convenience of the reader. The above equality is equivalent to the corresponding one 
with A„ and T„ replaced by and e„, respectively. Setting 




ij, 


Ud 


j&D 


ij . 


V = lui and w = — ue, , 

for each 0 < j < k, we have 

k 

t=l Dc{l,'",fc} teD 

= Y. (-l)'=-'^'e„(e.)^'. 

DCfl,--- ,fc} 


The left hand side is nonzero only for j = 0. Multiply by (—1)'= ^ 
then replacing ui by ^ gives the desired equality. 


k 

j 


and sum over 0 < j < k; 

□ 


Remark 2.23. It might be interesting to note that in the commutative case, the proof of Theo¬ 
rem 12.201 shows 


sup 

0<£<1 


ojp{x,e) 

£ 


lim 

S —^0 


ojp{x,e) 

£ 


llVxjlp. 


So Lemma [2.211 is not needed in this case. 
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2.5. The link with the classical Sobolev spaces 

The transference enables us to establish a strong link between the quantum Sobolev spaces 
defined previously and the vector-valued Sobolev spaces on Note that the theory of vector¬ 
valued Sobolev spaces is well-known and can be found in many books on the subject (see, for 
instance, m)- Here we just recall some basic notions. In the sequel, X will always denote a 
(complex) Banach space. 

Let iS(T‘^; X) be the space of X-valued infinitely differentiable functions on with the standard 
Frechet topology, and iS'(T‘^;X) be the space of continuous linear maps from iS(T'^) to X. All 
operations on iS(T^) such as derivations, convolution and Fourier transform transfer to 5'(T‘^;X) 
in the usual way. On the other hand, Lp{T‘^-,X) naturally embeds into 5'(T'^; X) for 1 < p < oo, 
where Lp{T‘^;X) stands for the space of strongly p-integrable functions from to X. 

Definition 2.24. Let 1 < p < oo, fc G N and a G R. 

(i) The X-valued Sobolev space of order k is 

W^{T‘^-X) = {/ G S'{T‘^;X) : D"^f G Lp{T‘^;X) for each m G with |m|i < k} 
equipped with the norm 

ll/l!»-; = ( T IT-ZIITt-x))'- 

0< |m| 1 <fc 

(ii) The Ai-valued potential Sobolev space of order a is 

iJ“(T^;X) = {/ G 5'(T'';X) : J“/ G Lp(T^;X)} 
equipped with the norm 

II/I|h“ = \\J°' f\\Lp(T^-X) ■ 

Remark 2.25. There exists a parallel theory of vector-valued Sobolev spaces on R"^. In fact, 
a majority of the literature on the subject is devoted to the case of R*^ which is simpler from 
the pointview of treatment. The corresponding spaces are Wp{M.‘^;X) and Hp{M.‘^;X). They are 
subspaces of 5'(R'^;X). The latter is the space of X-valued distributions on R'^, that is, the space 
of continuous linear maps from 5(R'^) to X. We will sometimes use the space 5(R'^; X) of X-valued 
Schwartz functions on R'^. We set = Wl;(R‘^]C) and 

The properties of the Sobolev spaces on in the previous sections also hold for the present 
setting. For instance, the proof of Proposition 12.91 and Lemma 11.61 give the following well-known 
result: 

Remark 2.26. Let X be a UMD space. Then Wp{T‘^;X) = Hp{T‘^;X) with equivalent norms 
for 1 < p < oo. 

Let us also mention that Theorem 12.121 the Poincare inequality, transfers to the vector-valued 
case too. It seems that this result does not appear in literature but it should be known to experts. 
We record it explicitly here. 

Theorem 2.27. Let X he a Banach space and 1 < p < oo, fc G N. Then 

(ii/(o)rx+ E 

"RiGMq , |m| 1 =k 

is an equivalent norm on Wp{T‘^;X) with relevant constants depending only on d and k. 

Now we use the transference method in Corollary 11.21 It is clear that the map x x there 
commutes with dj, that is, djX = djX (noting that the dj on the left-hand side is the jth partial 
derivation on and that on the right-hand side is the one on T^). On the other hand, the 
expectation in that corollary commutes with dj too. We then deduce the following: 

Proposition 2.28. Let 1 < p < c». The map x x is an isometric embedding from Wp{Tg) 
and L[p{Tg) into Wp{T‘^; Lp{Tg)) and Lp{Tg)), respectively. Moreover, the ranges of these 

embeddings are 1-complemented in their respective spaces. 
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This result allows us to reduce many problems about Wp{Tg) to the corresponding ones about 
Wp{T‘^; Lp{Tg)). For example, we could deduce the properties of Wp{Tg) in the preceding sections 
from those of Wp(T‘^; Lp{Tg)). But we have chosen to work directly on for the following reasons. 
It is more desirable to develop an intrinsic quantum theory, so we work directly on whenever 
possible. On the other hand, the existing literature on vector-valued Sobolev spaces often concerns 
the case of for instance, there exist few publications on periodic Besov or Triebel-Lizorkin 
spaces. In order to use existing results, we have to transfer them from to T^. However, 
although it is often easy, this transfer may not be obvious at all, which is the case for Hardy spaces 
treated in m and recalled in section EH This difficulty will appear again later for Besov and 
Triebel-Lizorkin spaces. 

Remark 2.29. The preceding discussion on vector-valued Sobolev spaces on T'^ can be also trans¬ 
ferred to the quantum case. We have seen in section II.dl that all noncommutative Lp-spaces are 
equipped with their natural operator space structure. Thus Wp{Tg) and iL“(Tg) becomes oper¬ 
ator spaces in the natural way. More generally, given an operator space E, following Pisier [5^ . 
we define the FI-valued noncommutative Lp-space Lp{Tg; E) (recalling that Tg is an injective von 
Neumann algebra). Similarly, we define the i?-valued distribution space that consists 

of continuous linear maps from 5(Tg) to E. Then as in Definition 12.61 we define the correspond¬ 
ing Sobolev spaces Wp(Tg;E) and Hp{Tg;E). Almost all previous results remain valid in this 
vector-valued setting since all Fourier multipliers used in their proofs are c.b. maps. For instance, 
Theorem 12.91 lor Remark [2.261) now becomes (T^; E) = Wp(Tg; E) for any 1 < p < oo and any 
OUMD space E (OUMD is the operator space version of UMD; see [54]). Note that we recover 
VFp (T'^; E) and A) if 0 = 0 and if E is equipped with its minimal operator space structure. 


Chapter 3. Besov spaces 

We study Besov spaces on Tg in this chapter. The first section presents the relevant definitions 
and some basic properties of these spaces. The second one shows a general characterization of 
them. This is the most technical part of the chapter. The formulation of our characterization is 
very similar to Triebel’s classical theorem. Although modeled on Triebel’s pattern, our proof is 
harder than his. The main difficulty is due to the unavailability in the noncommutative setting 
of the usual techniques involving maximal functions which play an important role in the study 
of the classical Besov and Triebel-Lizorkin spaces. Like for the Sobolev spaces in the previous 
chapter, Fourier multipliers are our main tool. We then concretize this general characterization by 
means of Poisson, heat kernels and differences. We would like to point out that when 0 = 0 (the 
commutative case), these characterizations (except that by differences) improve the corresponding 
ones in the classical case. Using the characterization by differences, we extend a recent result of 
Bourgain, Brezis and Mironescu on the limits of Besov norms to the quantum setting. The chapter 
ends with a section on vector-valued Besov spaces on T”*. 


3.1. Definitions and basic properties 

We will use Littlewood-Paley decompositions as in the classical theory. Let ip he a. Schwartz 
function on R'^ such that 


r supp(^ C U : 2 ^ < ICI < 2}, 

I (/? > 0 on {^ : 2"i < |^| < 2}, 
I k& 


Note that if m € with m 7 ^ 0, i^{2 ^m) = 0 for all A: < 0, so 


ip{2 ^m) = 1, m € \ {0} . 

fc >0 
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On the other hand, the support of the function Lp{2 ^■) is equal to {^ : 2^ ^ < |^| < 2^'+^}, thus 
supp (/7(2“^-) n supp(/3(2“'^-) = 0 whenver \j — k\>2\ consequently, 

fe+i 

(3.2) ^(2-".) =‘^(2-"-) ^ ^(2-^-), ^>0. 

j=k-l 

Therefore, the sequence {^p{2~^-)}k>o is a Littlewood-Paley decomposition of T*^, modulo constant 
functions. 

The Fourier multiplier on 5'(Tg) with symbol (^(2“^-) is denoted hy x ^ ipk * x: 

(fk*x= (p{2~^m)x{m)U"^. 

mSZ'i 

As noted in section fOl the convolution here has the usual sense. Indeed, let ipk be the function 
whose Fourier transform is equal to tf{2~^-), and let <fk be its 1-periodization, that is, 

^fc(s) = X] 

Viewed as a function on by our convention, ifk admits the following Fourier series: 

^k{z) = X 

mGZ'^ 

Thus for any distribution / on T”*, 

^k * f{z) = X </5(2"'=m)/(TO)2™. 

mez*^ 

We will maintain the above notation throughout the remainder of the paper. 

We can now start our study of quantum Besov spaces. 

Definition 3.1. Let 1 < p, g < oo and a S K. The associated Besov space on Tg is defined by 

= {x€ 5'(T^) : \\x\\b^^^ < oo}, 

where 

k>0 

Let Bp^^^(Tg) be the subspace of B“oo(Tg) consisting of all x such that 2'^°‘\\ipk*x\\p —>■ 0 as /c —>• oo. 

Remark 3.2. The Besov spaces defined above are independent of the choice of the function ip, up 
to equivalent norms. More generally, let be a sequence of Schwartz functions such that 

' suppV'^'^^ C U : 2'=-! < 1^1 < 2'=+!}, 

Sup||j-1(^/:('=))|L < oo, 

< fc >0 

= 1, Vm e Z'^\{0}. 

^ fc >0 

Let ^|Jk = and ijjk be the periodization of ipu- Then 

fc >0 

Let us justify this remark. By the discussion leading to f|3.2p . we have (with =0) 

fc+i 

ifk*x = X ^k*^j*x. 

j=k-l 

By Lemma Fl.71 

fc+i 

\\^k*x\\p< X Wj*^\\p- 

j=k-l 
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It then follows that 

(|x( 0 )r + E * ^llp) " ^ (1^(0)!'' + E * ^11^) ’ • 

fc >0 k >0 

The reverse inequality is proved similarly. 


Proposition 3.3. Let 1 < p, q < oo and a £ R. 

(i) Bp^(Tg) is a Banach space. 

(ii) C forr>q and C for 13 < a and 1 < r < oo. 

(iii) Vg is dense in i3“^(Tg) and Bp^^^{Tf) for 1 < p < oo and 1 < q < oo. 

(iv) The dual space o/i?“g(Tg) coincides isomorphically with B~,°‘^,{Tg) for 1 < p < oo and 
3 < q < oo, where p' denotes the conjugate index of p. Moreover, the dual space of B^ 
coincides isomorphically with B~,‘\(fff). 


Proof, (i) To show the completeness of Bp ^iTg), let {Xn} be a Cauchy sequence in B^^^iTg). Then 
{x„(0)} converges to some y(0) in C, and for every fc > 0, {pk * Xn} converges to some yu in 
LpiTi). Let 

y = y(o) + E 2^'= • 

k>0 

Since pk is supported in {m G < \m\ < 2^+^}, the above series converges in 5'(Tg). On 

the other hand, by (EH), as n —>■ cx), we have 

fc+i fc+i 

ipk*Xn= E Tk* Tj * Xn E * Hi =Tk*y- 

j—k—1 j—k—1 

We then deduce that y G Bp^g(Tg) and Xn ^ y in Bp ,j{Tg). 

(ii) is obvious. 

(iii) We only show the density of Vg in Bp^{Tg) for finite q. For V £ N let 

N 

Xn = ai(0) + (fij * X. 

3=0 

Then by (13.111 . pk * {x — xn) = 0 toi k < N — 1, tpk * {x — xn) = Pk * x ioi k > N + 1, and 
(fiN * (x — Xn) = Tn * X — tpN * Tn * X, pn +1 * {x — Xn) = Tn+i * x — pn+i * Pn * x. We then 
deduce 

\\x — xn\\%«. < 2 ^ * xII^ —>■ 0 as N ^ oo. 

k>N 

(iv) In this part, we view Bpg{Tg) as B“^(Tg) when q = oo. Let y £ Bp,°‘^,(Tg). Define 
iy{x) = T{xy) for x GVg. Then 


fc+i 

\iy{x)\ = \^0)y{0) + ^T{pk*x Tj*y)\ 

k>0 j^k-1 

fc+1 

< is(o)f(o)i+x: II E ‘h’i*y\\p' 

k>0 j—k—1 

< INIb,^ ||2/IU-'^ ■ 

p 

Thus by the density of Vg in i3“^(Tg), £y defines a continuous functional on Bp g{Tg). 

To prove the converse, we need a more notation. Given a Banach space X, let Pf{X) be the 
weighted direct sum of (C, X,X, - ■ ■) in the £q-sense, that is, this is the space of all sequences 
(a, xo, xi, • • •) with a £ C and Xk £ X, equipped with the norm 

(|a|^ + ^2'^'=“||xfcr)h 

fc >0 


If <7 = oo, we replace £q{X) by its subspace Cq{X) consisting of sequences (a, xq, Xi, • • •) such that 
2^“||xfc|| —>• 0 as /c —>■ oo. Recall that the dual space of £q{X) is £~V{X*). By definition, Bpq{Tg) 
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embeds into £“(Lp(Tg)) via x ^ (a:(0), * x.ipi* x,- ■ ■). Now let £ be a continuous functional on 

BpqiTg) for p < oo. Then by the Hahn-Banach theorem, I extends to a continuous functional on 
^q{Lp{T'g)) of unit norm, so there exists a unit element {b,yo,yi, ■ ■ ■) belonging to £“,“(Lp/(Tg)) 
such that 

i{x) = bx{0) + T{yk^k *x), x € 

A:>0 


Let 


y = b + Y^^^-^ *yk + <^k*yk + <^k+i * yk) ■ 

k>0 


Then clearly y G 5^,“,(Tg) and i = iy when p < oo. The same argument works for p = oo too. 
Indeed, for I as above, there exists a unit element {b, yo,yi, - ■ ■) belonging to i~,°‘ {LooO^g)*) such 
that 

£ix) = bx{0) + ^(yfc, ^k *x), x€ 

A:>0 

Let y be defined as above. Then y is still a distribution and 


fc>0 




< oo. 


Since it is a polynomial, (pk * y belongs to Li(Tg); and we have 

W^Pk * y\\L^{Tf)* = \Wk * y|lLi(T^)- 

Thus we are done for p = oo too. □ 


To proceed further, we require some elementary lemmas. Recall that Jq(^) = (1 + and 

UO = l?l“- 

Lemma 3.4. Let a G R and fc G Nq. Then 

<2“^= and \\T-\l^pk)\\,<2‘^'^. 

where the constants depend only on tp, a and d. Consequently, for x G Lp(Tg) with 1 < p < oo, 

II J“(^fc * a;)||p < * a;||p and ||/“(^fe + a;)||p < 2“'"||^fe * a;||p . 

Proof. The first part is well-known and easy to check. Indeed, 

\\p-^{J^Pk)\\, = 2“'=||j^-l((4-'= + I ■ ; 

the function (4“*^ -f | • is a Schwartz function supported by : 2“^ < |^| < 2}, whose all 

partial derivatives, up to a fixed order, are bounded uniformly in k, so 

sup II J'“^((4“'' -I- I • n^i^)|L < oo. 

k>0 

Similarly, 

II II1 =2“'=||.F-1 (/«</?) Ill- 

Since pk = Pk{<Pk-i + Pk + Pk+i), by Lemma [1.71 we obtain the second part. □ 

Given a G R+, we define Di^aif) = (27ri^i)“ for f G K'^, and Df to be the associated Fourier 
multiplier on Tg. We set Da = Lli.ai • ■ • D^^ad and 11“ = • • • D'^'^ for any a = (ai, • • • , Od) G Rif.. 

Note that if a is a positive integer, Df = df, so there does not exist any conflict of notation. The 
following lemma is well-known. We include a sketch of proof for the reader’s convenience (see the 
proof of Remark 1 in Section 2.4.1 of [73]). 

Lemma 3.5. Let p be a compactly supported infinitely differentiable function on R*^. Assume 
IT, P G R+ and a G Rif. such that a>^, P>a—^ and |a|i > cr — Then the functions Ipp and 
DaP belong to 
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Proof. If cr is a positive integer, the assertion clearly holds in view of = IV^(]R“). On 

the other hand, Ipp G L 2 (M.'^) = for /3 > — The general case follows by complex 

interpolation. Indeed, under the assumption on a and /3, we can choose cti G N, /3i,/3o G R and 
77 G (0,1) such that 

CTi >cr, /3i >(71 - /?o > - ^, CT = 77 CT 1 , /3 = (1 - r])l3o + pPi ■ 

For a complex number 2 : in the strip {2 G C : 0 < Re( 2 ) < 1} define 

Then 


sup||Fih|| <||/; 3 „p|| and sup ||Fi+ih|| .1 < ||/; 3 , p|| . 




It thus follows that 


Ipp = Fri G (L2(R^), 

The second assertion is proved in the same way. 

The usefulness of the previous lemma relies upon the following well-known fact. 
Remark 3.6. Let cr > | and / G Then 


□ 




m ■ 


The verification is extremely easy: 


\F- 


'^(/)|li= / 1 -^ \f)is)\ds + Y^ j \P \f){s)\ds 

“'bl<l ^ i2'=<|s|<2'“+i 


<(/ \F-\f){s)\^ds + J 2 ^ 


2k(7 


\F- 


ld<i 


fe>0 ^2''<|d<2''+i 


^(/)(s)|^ds) 


/ 


HP ■ 


The following is the so-called reduction (or lifting) theorem of Besov spaces. 

Theorem 3.7. Let I <p,q < 00 , a G R. 

(i) For any /3 G R, both and are isomorphisms between Bp g{Tf) and i?““^(Tg). 

(ii) Let a G R+. If x £ Bp^^{Tg), then D°‘x G Rp,q'°'^(Tg) and 

\\D<^x\\b^-ww < . 

(iii) Let /3 > 0. Then x G iff x G Bp~^{Tg) for all i = 1, - ■ ■ ,d. Moreover, in this 


case, 


ii^b,%-i^(o)i+EiiA^^iii.,v- 


2=1 


Proof, (i) Let x G ^(T^) with x(0) = 0. Then by Lemma ITTl 


q\ q 


k>0 


A;>0 


Thus is bounded from Bp ^^iffg) to i?““^(Tg), its inverse, which is J“^, is bounded too. The 
case of is treated similarly. 

(ii) By Lemma l3.5l and Remark 13.61 we have 

\\F-\DaPk)\\^ = . 

Consequently, by Lemma [1.71 

ll^fc + D°-x\\p < 2'"l“li ll^fe * a^llp , Vj > 0, 
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whence 


iD^^xW 


'ZyOi — I a! 1 
^P,<1 


< 


miB- 


(iii) One implication is contained in (ii). To show the other, choose an infinitely differentiable 
function y : R —>• R+ such that x(s) = 0 if |s| < and x(s) = 1 if |s| > For i = 1, - ■ ■ ,d, 
let Xi on be defined by 




1 

x(Ci)l6l'^H-^x(Cd)|?d|^ (27ri^*)^ 


whenever the hrst denominator is positive, which is the case when |^| > 2 Then for any k > 0, 
Xi^Pk is a well-defined infinitely differentiable function on R'^ \ {^ : =0}. We have 

where 

1 X(2^^i)|'fi|^ 

^ + --- + xi2'^U)\U\^ ■ 

The function ijjLp is supported in : 2~^ < |^| < 2}. An inspection reveals that all its partial 
derivatives of order less than a fixed integer are bounded uniformly in k. It then follows that the 
Li-norm of is majorized by a constant independent of k, so 


J^-\x^Pk)\\,<2-'^P, 


and by Lemma 11.71 

\\x^*Pk*D^x\\p<2 '^^\\<pk*D^x\\ 

Since 

d 

A _ 1 

we deduce 

2— 1 

d 

ll^fe*a;|| <2”'''^^||pfc + Dfx||p, 

which implies 

2=1 

Thus (iii) is proved. 



The following result relates the Besov and potential Sobolev spaces. 

Theorem 3.8. Let 1 < p < oo and a € R'^. Then we have the following continuous inclusions: 

^p%in(p.2)(T^) C C 

Proof. By Propositions 12.71 and 13.71 we can assume a = 0. In this case, Hp{Tg) = Lp{Tg). Let x 
be a distribution on with x(0) = 0. Since 

X = ^ * 2:, 

k>0 

we see that the inclusion i?p;^(Tg) C Lp{Tg) follows immediately from triangular inequality. On 
the other hand, the inequality 

ll^fc * x\\p < ||a;||p, fc > 0 

yields the inclusion Lp{Tg) C Bp^^{Tg). Both inclusions can be improved in the range 1 < p < oo. 

Let us consider only the case 2 < p < oo. Then the inclusion Lp{Tg) C Bp p{Tg) can be easily 
proved by interpolation. Indeed, the two spaces coincide isometrically when p = 2. The other 
extreme case p = oo has been already proved. We then deduce the case 2 < p < oo by complex 
interpolation and by embedding Bp^^{Tg) into ioc,{Lp{Tg)). 

The converse inclusion Bp 2 {Tg) C Lp{Tf) is subtler. To show it, we use Hardy spaces and the 
equality Lp(T^) = 'Hp(T^) ( see Lemma [IH). Then we must show 

max(||a;||Hc , ||a;||Hj) < IkUso^ . 
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To this end, we appeal to Lemma 11.101 The function ij) there is now equal to ip. The associated 
square function of x is thus given by 

fc >0 

Recall the following well-known inequality 

k>0 k>0 

for Xk S Lp(Tg) and 2 < p < oo. Note that this inequality is proved simply by the triangular 
inequality in Le (Tg). Thus 

\Mhi ~ l|s“(x)||p < * x\\iy = ||a;||B0^^. 

k>0 

Passing to adjoints, we get ||a;||wj; < || 2 ;||bo Therefore, the desired inequality follows. □ 

3.2. A GENERAL CHARACTERIZATION 

In this and next sections we extend some characterizations of the classical Besov spaces to the 
quantum setting. Our treatment follows Triebel m rather closely. 

We give a general characterization in this section. We have observed in the previous section that 
the definition of the Besov spaces is independent of the choice of ip satisfying dSU). We now show 
that if can be replaced by more general functions. To state the required conditions, we introduce 
an auxiliary Schwartz function h such that 

(3.3) supph C G : |^| < 4} and = 1 on G : |^| < 2}. 

Let ao,ai G R. Let ip be an infinitely differentiable function on \ {0} satisfying the following 
conditions 

pV'l > 0 on {C : 2"i < |^| < 2}, 

(3.4) I J-1(iAW_„JgLi(R‘'), 

I sup 2“““'^II J'“^('!/)(2^-)(/3)|| < oo. 

L i6No 

The first nonvanishing condition above on is a Tauberian condition. The integrability of the 
inverse Fourier transforms can be reduced to a handier criterion by means of the potential Sobolev 
space iJf(R‘^) with cr > |; see Remark IXHl 

We will use the same notation for tf) as for ip. In particular, is the inverse Fourier transform 
of '0(2“^-) and tpk is the Fourier multiplier on with symbol '0(2“^-). It is to note that compared 
with m Theorem 2.5.1], we need not require oi > 0 in the following theorem. This will have 
interesting consequences in the next section. 

Theorem 3.9. Let 1 < p, < oo and a G R. Assume < a < ai. Let tp satisfy the above 
assumption. Then a distribution x on belongs to i3“^(Tg) iff 

(y](2'=“||'0fe + a;||p)p‘' <oo. 

k>0 

If this is the case, then 

(3.5) (|i?(0)r + E " 

fe >0 

with relevant constants depending only on p,ip,a,ao,ai and d. 

Proof. We will follow the pattern of the proof of [73 Theorem 2.4.1]. Given a function / on R'^, 
we will use the notation that = /(2“^-) for fc > 0 and = 0 for k < —1. Recall that fk is 
the inverse Fourier transform of and fk is the 1-periodization of fk'. 

Ik{s) = E fk{s + m). 
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In the following, we will fix a distribution x on Tg. Without loss of generality, we assume a;(0) = 0. 
We will denote the right-hand side of (13.51) by ||a;|| when it is finite. For clarity, we divide the 
proof into several steps. 

Step 1. In the first two steps, we assume x G Bp g{Tf). Let K he a positive integer to be determined 
later in step 3. By (EID, we have 

CO K CO 

ijjU )on : 1^1 > 1}. 

k—0 k— — co k—K 


Then 

(3.6) *x = ^ Tpj + tpj+k * X + * (fij+k * X. 

k<K k>K 


For the moment, we do not care about the convergence issue of the second series above, which is 
postponed to the last step. Let aj^k = 2^“||'0i * ^j+k * a:||p. Then 

OO 1_ OO I 

(3-7) Ms-f ^ (H [ H ^3,kY) ' + (I] [ I] ’ . 

j=0 k<K j=0 k>K 


We will treat the two sums on the right-hand side separately. For the hrst one, by the support 
assumption on ip and h, for k < K, we can write 

where rj and p are defined by 

= p(o = i^rv(e). 

Note that is integrable on Indeed, write 

(3.9) n(0 = ||| ft({) + 

By (13.41) . the inverse Fourier transform of the first function on the right-hand side is integrable. 
The second one is an infinitely differentiable function with compact support, so its inverse Fourier 
transform is also integrable with Li-norm controlled by a constant depending only on tp, h, ai and 
K. Therefore, Lemma [L7] implies that each is a Fourier multiplier on Lp(Tg) for all I < p < oo 
with norm controlled by a constant ci, depending only h, ai and K. Therefore, 

(3.10) a,.fc < ci2^“+'=“i \\pj+k * x||p = Ci2'=(“i-“) (2(^+'=)“ \\pj+k * a;||p) . 

Thus by triangular inequality and Lemma [Hill we deduce 


OO OO _1 

i^O k<K k<K j^-oo 

CO I 

= Cl ^ (2^“2-^“i||/“ipj ^xIIp)”^) ’ 

k<K j=0 

where c'l depends only ip, h, K, a and ai. 

Step 2. The second sum on the right-hand side of (1X71) is treated similarly. Like in step 1 and by 
dsii , we write 

+p(wi))(^)|2-^-fc^l«o^(i+fe)(^ 


= [ 


2-j-k^^ao 

V; (2-^-fe • 2^0 

|2-j-fe^|ao 


‘P"-' ' + P'- 

iL(2-^-'=0] 


(3.11) 
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where H = + ip -\- and where p is now defined by 

pii) = icrv(6- 

The Li-norm of the inverse Fourier transform of the function 

is equal to Using Lemma [3.41 we see that the last norm is majorized by 

Then, using (1^ . ioT k> K we get 

(3.12) < C22'=(“'>-“)(2(^+'=)“||p,+fc * x||p) , 

where C 2 depends only on (/?, ap and the supremum in (13.41) . Thus as before, we get 




. i nK{ao—a) 


X — 2 “ 0 —a 

j=0 k>K 

which, together with the inequality obtained in step 1, yields 


Step 3. Now we prove the inequality reverse to the previous one. We first assume that a: is a 
polynomial. We write 

(?) 

(3.13) ^ ■ 

The function p'4’~^ is an infinitely differentiable function with compact support, so its inverse 
Fourier transform belongs to Li(R'^). Thus by Lemma [TTTl 

\\pj * a;||p < c^\\hj+K * * x\\p , 

where C 3 = ||j^“^(<pV'~^)||^- Hence, 

00 I 

iix||b», < C3(^ ( 2 ^“iih,+^ * ^,*x\\pyy. 

3=0 

To handle the right-hand side, we let A = 1 — h and write Then 

00 00 

[Y.{2n\h,+K * y, * a;||,)^) ’ < \\x\\^.., + [Y. ( 2 ^“ll W * ^3 * ^IIp)^) ' ■ 

i=o i=o 

Thus it remains to deal with the last sum. We do this as in the previous steps with '0 replaced by 
A0, by writing 

00 

\U+k)^(3) ^ ^ , 

k— — co 

The crucial point now is the fact that = 0 for all k < K and all j. So 

xU+K)^U) = Y , 

k>K 

that is, only the second sum on the right-hand side of (13.7|) survives now: 

00 _1 00 1_ 

(E(2'^“ll^i-tif * ^3 * xWp^ ’ < (E [2'^°' E 11^1+^ * ^3 * ^3+k * * . 

3=0 3=0 k>K 

Let us reexamine the argument of step 2 and formulate (13.111) with A^^^0 instead of ip. We then 
arrive at majorizing the norm (^X{2^~^■)'tp{2^-)p) ||j^: 

||j-i(A( 2 ^-^.) 0 ( 2 '^.)^)||j < ||.F-i(A)||J|j^-i( 0 ( 2 '“'.)^)||^. 

Keeping the notation of step 2 and as for (I3.12F we get 

\\Xj+K *ipj *Pj+k *a:||p < cc22''(““““)(2('^+'“’)“||pj+fe *x||p) , 
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wherec=||*F ^(A)||^. Thus 


[2“^ ||Aj+k * * ^j+k * ’ < CC2 Y 

j=0 k>K 

Combining the preceding inequalities, we obtain 


2 iC(ao—a) 


-T- \\X\\b^ ■ 

_ ^OLq—Ol I' ''^p,q 


Choosing K so that 


2 -R'(ao —a) 

< cMb-:* + ^^2 1 _ 2^0-a 


2 -R'(c(o —a) \ 

Cn - < — , 

2 1 _ 2 ao-a - 2 


we finally deduce 

which shows (liO) in case x is a polynomial. 

The general case can be easily reduced to this special one. Indeed, assume ||x||g<»,^ < oo. Then 
using the Fejer means Fm as in the proof of Proposition 12.71 we see that 

llCv(a;)||g».Y < ■ 

Applying the above part already proved for polynomials yields 

l|Cv(a;)||B- < 2c3|lFAr(x)||5.,v- < 2c3||x||gc..^ , 

Fih ■‘-^ p,q '^Pi9 

However, it is easy to check that 


= ||x||b. 


We thus deduce (|3.5I) for general x, modulo the convergence problem on the second series of (13.61) . 

Step 4- We now settle up the convergence issue left previously. Each term ipj * ^j+k * x is a 
polynomial, so a distribution on Tg. We must show that the series converges in 5'(Tg). By (I3.12I) . 
for any L > K,hy the Holder inequality (with q' the conjugate index of g), we get 


L L 

fc^iC +1 fc^iC +1 

<c'^Rk.l[ Y 

k^K+1 

< c'^Rk^lWxWb’^^ , 

where 

L 

= ( Y . 

fc=if+i 

Since ag < a, Rk,l —0 as AT tends to oo. Thus the series J2k>K V'j * ^j+k * x converges in Lp{Tg), 
so in 5'(Tg) too. In the same way, we show that the series also converges in H“^(Tg). Hence, the 
proof of the theorem is complete. □ 


Remark 3.10. The infinite differentiability of ip can be substantially relaxed without changing the 
proof. Indeed, we have used this condition only once to insure that the inverse Fourier transform 
of the second term on the right-hand side of (EH) is integrable. This integrability is guaranteed 
when Ip is continuously differentiable up to order [^] -|- 1. The latter condition can be replaced by 
the following slightly weaker one: there exists ct > | -I-1 such that ipr] G for any compactly 

supported infinite differentiable function rj which vanishes in a neighborhood of the origin. 

The following is the continuous version of Theorem 13.91 We will use similar notation for contin¬ 
uous parameters: given e > 0, ip^ denotes the function with Fourier transform ip^'^') = ip(e-), and 
ipe denotes the Fourier multiplier on associated to ip^^\ 
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Theorem 3.11. Keep the assumption of the previous theorem. Then for any distribution x on T^, 

(3.14) « (ix(O)l^ + * x\\l ’ . 

The above equivalence is understood in the sense that if one side is finite, so is the other, and the 
two are then equivalent with constants independent of x. 


Proof This proof is very similar to the previous one. Keeping the notation there, we will point 
out only the necessary changes. Let us first discretize the integral on the right-hand side of p.l4l) : 

Jo £ S 

Now for j > 0 and 2~^~^ < s < 2“1, we transfer (13.81) to the present setting: 

^(e) h(^+^^ (e)] ( 0 . 

We then must estimate the Li-norm of the inverse Fourier transform of the function in the brackets. 
It is equal to 

11^ = II J-i {l.o.,'iph{S2-^-)) 11^ , 
where S = 2“le“^. The last norm is estimated as follows: 

||j-i(/_„,V'M<52-^-))||i < \\J^~\l-o.^i’h)\\^ + \\T-^{K^,ilj[h-h{d2-^-)])\l 

< IIJ"”^ (l-ai'0^)11 1 + sup ||j'“^(/_ai0[ft.-/l(l52“'^.)])|| 

1<5<2 


Note that the above supremum is finite since I-aitjj[h — h{S2~^■)] is a compactly supported infinite 
differentiable function and its inverse Fourier transform depends continuously on 6. It follows that 
ior k < K and 2“1“^ < e < 2“1 


(3.15) 


2 ^“ 1 | 0 , * * x\\p < 2 '=(“^-“)( 2 (^+'=)“||p,+fe * x||p), 


which is the analogue of (13.101) . Thus, we get the continuous analogue of the final inequality of 
step 1 in the preceding proof. 

We can make similar modifications in step 2, and then show the second part. Hence, we have 
proved 

To show the converse inequality, we proceed as in step 3 above. By (ISa . there exists a constant 
a > 2 such that 0 > 0 on {^ : a~^ < |^| < a}. Assume also a < 2\/2. For j > 0 let Rj = 
(a“^2“l“^, a2“l+^]. The i?j’s are disjoint subintervals of (0, 1]. Now we slightly modify (13.131) as 
follows: 


(3.16) 

Then 


(?) 

^ h{3+K)^{e) ^ g g 


^ 0 (e) 

Like in step 3, we deduce 




r L/,(e)Hli Ir 


0 


sup 

2a-i<i5<a2-i 






X B- 


< 


< 


q dc q 


(^( 2 '^“/ WfT-j+K *'f’e * xWpY —'j 


3=0 

1 


J 1 

(e"“ll 0 s* 2 :||p)‘^^)" + (^( 2 ' 


q dc q 


i =0 


* 0 e*a;||p)'^—) 

Ri ^ ' 


The remaining of the proof follows step 3 with necessary modifications as in the first part. 


□ 
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Remark 3.12. Theorems 13.91 and 13.111 admit analogous characterizations for too. For 

example, a distribution x on Tg belongs to iff 


lim 


Ipe * X 


= 0 . 


£->■0 e “ 

This easily follows from Theorem id.lll for q = oo. The same remark applies to the characterizations 
by the Poisson, heat semigroups and differences in the next two sections. 


3.3. The characterizations by Poisson and heat semigroups 


We now concretize the general characterization in the previous section to the case of Poisson 
and heat kernels. We begin with the Poisson case. Recall that P denotes the Poisson kernel of 
and 

P^(^) = * a; = . 

So for any positive integer k, the fcth derivation relative to e is given by 

^P,(x)= 

The inverse of the fcth derivation is the fcth integration defined for x with ir(0) = 0 by 

poo poo poo 

I^Pe{x)= / / ••• / Pei{x)dei ■ ■ ■ dsk-idek 

Je Jsk -^£2 

mGZ‘^\{0} 

In order to simplify the presentation, for any fc G Z, we define 

Qfe 

= —t: for fc > 0 and for fc < 0. 

It is worth to point out that all concrete characterizations in this section in terms of integra¬ 
tion operators are new even in the classical case. Also, compare the following theorem with [73 
Section 2.6.4], in which fc is assumed to be a positive integer in the Poisson characterization, and 
a nonnegative integer in the heat characterization. 


Theorem 3.13. Let 1 < p, g < oo, a G K and fc G Z such that k > a. Then for any distribution 
X on we have 

^ (l^(O)r + I' \\J,^ P,{x)\\l I) " . 

Proof. Recall that P = Pi. Thanks to P(^) = , we introduce the function = (—sgn(fc)27r|^|)^e“^’^l^l. 

Then 

-iPief) = P,(e). 

It follows that for x G i?“g(Tg), 

^^^x = e^ J^P^^x = Peix). 

Thus by Theorem 13.Ill it remains to check that ijj satisfies (13.4p for some < a < ai. It is clear 
that the last condition there is verified for any oq. For the second one, choosing fc = oi > a, we 
have/-Qj/i'i/'= (~sgn(fc)27r)^ fcP. So 

\\F-\lk-c,hf,)\\^ < {flirf ||J-'(fc)||i ||P||i < oo. 

The theorem is thus proved. □ 


There exists an analogous characterization in terms of the heat kernel, 
semigroup of 

1 hG 

W£(s) = 7-—^d-e ■ 


Let Wg be the heat 
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As usual, let We be the periodization of We. Given a distribution x on let 

We (a;) = We * x = ^ W(\/£m)x(m)[/'" , 


where W = Wi. Recall that 


W(e) = e- 


Theorem 3.14. Let 1 < p,q < oo, a £ M and fc G Z such that k > %. Then for any distribution 


X on Tg, 


Mbs: 


.In P e / 


Proof. This proof is similar to and simpler than the previous one. This time, the function ip is 
defined by = (—Clearly, it satisfies (13.41) for 2k = ai > a and any 
ao < CK. Thus Theorem 13.111 holds for this choice of fi. Note that a simple change of variables 
shows that the integral in (I3.14p is equal to 


q ds 

p e 


Then using the identity 
we obtain the desired assertion. 


£ 2 \\tp^*X 




□ 


Now we wish to formulate Theorems 13.131 and 13.141 directly in terms of the circular Poisson and 
heat semigroups of T"^. Recall that denote the circular Poisson kernel of introduced by (II. 6 p 
and the Poisson integral of a distribution x on is defined by 

P,.(a;) = 0 < r < 1. 

Accordingly, we introduce the circular heat kernel W of 

(3.17) W,.(z) = ^ zeT^0<r<l. 


Then for x G 5'(T^) we put 

W,.(x) = 'Y [7™, 0 < r < 1. 


As before, p denotes the fcth derivation 


o'" 

dr'^ 


if fc > 0 and the (—A:)th integration 1^. ^ ii k < 0: 


J,'=P,(x)= ^ 


where 

Cm,k = |w| • • • (|m| — fc + 1 ) if fc > 0 and 


Cm.k — 


1 

(|m| + 1 ) • • • (|m| - fc) 


if fc < 0 . 


is defined similarly. Since \m\ is not necessarily an integer, the coefficient Cm,k may not 
vanish for \m\ < fc and fc > 2. In this case, the corresponding term in jP?f‘r{x) above cause a 
certain problem of integrability since is integrable on ( 0 , 1 ) only when (|to| — k)q > —1. 

This explains why we will remove all these terms from Pr(x) in the following theorem. However, 
this difficulty does not occur for the heat semigroup. 

The following is new even in the classical case, that is, in the case of 0 = 0. 


Theorem 3.15. Let 1 < p, g < oo, a G M and fc G Z. Let x be a distribution on Tg. 
(i) If k > a, then 


Mbs 


{ max |x(m)|'^ + 

V|m|<fe 



-ryM^^\\jpr{xk) 


q dr 
P 1-r 



- Y 

|m| <k 


where Xk = x 
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(ii) Ifk>^, then 


\ |m| <fe Jq i V / 

Proof. We consider only the case of the Poisson kernel. Fix x £ ^(Tg) with x(0) = 0. We first 

claim that for any 0 < erp < 1, 


~q(k-a) 






Indeed, since 


we have 
rso 


jj=Pe(x)= ^ (-sgn(fc)27r|m|)'=e-2’^^l™lx(m)C7’", 

de\q 


de\q 


( / “e«(^-“)||j,^'Pe(x)|r—V > sup (2^|m|)^'|£(m)|f / ” e9(fe-«)e-2-d-l9 
^Jo P e / mGZ‘i\{0} ^Jo ^ ' 

> sup |m|“|x(m)|. 

mGZ'^\{0} 


On the other hand, by triangular inequality, 


'•fen ^ r„i '-fen ^ ^ 


< 


mGZ'^\{0} 

sup |m|“|a: 

mGZ'^\{0} 


Ml ^ 




< sup |m|“|x(m)|. 

mGZ‘*\{0} 


We then deduce the claim. 

Similarly, we can show that for any 0 < tq < 1, 


(- rM-“) IIM PeM)||^ ^ 

Now we use the relation r = e~'^'^^. If eo > 0 is sufficiently small, then 


1 — r ft! e for e G (0, eo)- 


So 


( rM-“)||MPe(^)||^^)M ( sup \x{mW+ r(l-r)^(^-“)||MPpM)||pT^)' 
^Jo "P £ J ''0<|m|<fc Jrn \ - r) 


' 0 < I m I < fc 

Combining this with Theorem 13.131 we get the desired assertion. 


□ 


3.4. The characterization by differences 


In this section we show the quantum analogue of the classical characterization of Besov spaces by 
differences. Recall that u}p{x, e) is the Lp-modulus of smoothness of x introduced in Definition [2T8l 
The result of this section is the following: 


Theorem 3.16. Let 1 < p,q < oo and 0 < a < n with n G N. Then for any distribution x on T^, 


(3.18) 



Proof. We will derive the result from Theorem l3.111 or more precisely, from its proof. Since a > 0, 
we take oq = 0 and oi = n in that theorem. Recall that d«(C) = — 1. Then the last 

condition of (EH) with i/i = d" is satisfied uniformly in u since 
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We will use a variant of the second one (which is not necessarily verified). To this end, let us come 
back to (Ell) and rewrite it as follows: 


where 77 and p are now defined by 

and p{0 = {u ■ OXe). 

[u-O 

The second condition of (EH becomes the requirement that 

sup ||J^“^(77)||^ < 00. 

The crucial point here is that '0(^) = d^{^) = {u ■ ‘ 0) where C is an analytic function on R. 

This shows that the above supremum is finite. 

However, the first condition of (13.411 . the Tauberian condition is not verified for a single d”. We 
will return back to this point later. For the moment, we just observe that the Tauberian condition 
has not been used in steps 1 and 2 of the proof of Theorem 13.91 Reexamining those two steps with 
tjj = d”, we see that all estimates there can be made independent of u. For instance, (I3.15|) now 
becomes (with ai = n) 

where the new function p is defined as above. Thus taking the supremum over all u with |m| < 1, 
we get 

^ *cr||p). 

Therefore, by Lemma EH we obtain 



The reverse inequality requires necessarily a Tauberian-type condition. Although a single d" 
does not satisfy it, a finite family of dJJ’s does satisfy this condition, which we precise below. Choose 
a i-net {vt}i<i<L of the unit sphere of Let ut = and 

< 1^1 <2, |A-u,| <2-i}. 

Then the union of the fl^’s is equal to : 2“^ < |^| < 2} and |d"^| > 0 on 0^. So the family 
{dut}l<t<L satisfies the following Tauberian-type condition: 


L 

^|d"J>0 on U:2-Xk|<2}. 

1=1 

Now we reexamine step 3 of the proof of Theorem 13.91 To adapt it to the present setting, by an 
appropriate partition of unity, we decompose ip into a sum of infinitely differentiable functions, 
p = (fi + --- + PL such that supp(/5f C Accordingly, for every j > 0, let 

e=i 

Then we write the corresponding (13.161) with {pe, d”^) in place of {p, ip) for every £ G {1, • • • ,L}. 
Arguing as in step 3 of the proof of Theorem 13.91 we get 


X 


< 


L 

(ix)r + E 





e 


— qcx. 


idu,)^*x 


q ds \ g 

p e ) 
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Since * x = we deduce 

sup \\A-^^x\\l-y 

-^P-1 ^ Jo l<t<L "P £ / 

< (l^(0)r + ^^-^X(^’^)"f)"■ 

Thus the theorem is proved. □ 

As a byproduct, the preceding theorem implies that the right-hand side of (13.1811 does not depend 
on n with n > a, up to equivalence. This fact admits a direct simple proof and is an immediate 
consequence of the following analogue of Marchaud’s classical inequality which is of interest in its 
own right. 


Proposition 3.17. For any positive integers n and N with n < N and for any e > 0, we have 


%-N, .N 


wf (x,e) < ujp{x,£) J 


°° uj^{x,d) dS 


(5" S 

Proof. The argument below is standard. Using the identity A", we get 

||Air(x)||^< 2 ^-"||A-(x)||^, 

whence the lower estimate. The upper one is less obvious. By elementary calculations, for any 
tt S we have 

rf2. = 2”d”+[E ” e,,.-2TC = 2X + E i 

j =0 V / j=o V -' / i-n 

In terms of Fourier multipliers, this means 


i=0 


j=0 


A^„ = 2 "A- + E( ■ 


2=0 


It then follows that 


u;;ix,£) < -io;+\x,e) + 2--u:;ix,2£). 
Iterating this inequality yields 


j-i 




i=i 


from which we deduce the desired inequality for N = n + 1 as J ^ oo. Another iteration argument 
then yields the general case. □ 


Remark 3.18. Theorem l3.16l shows that if a > 0, ooC^I’e) coincides with the quantum analogue 
of the classical Zygmund class of order a. In particular, for 0 < a < 1, B^^^{Tg) and B^ ,,^(Tg) 
are the Lipschitz and little Lipschitz classes of order a, already studied by Weaver m- Note that 
like in the classical setting, if fc is a positive integer, is closely related to but different 

from the Lipschitz class W^{Tg) discussed in section 


3.5. Limits of Besov norms 


In this section we consider the behavior of the right-hand side of (13.181) as a —n. The study of 
this behavior is the subject of several recent publications in the classical setting; see, for instance, 
[HElEHlIlIlIll]. It originated from [14j in which Bourgain, Brezis and Mironescu proved that for 
any 1 < p < oo and any / G 

limf(l-a) f l/(^) ~/yy dsdtY = C. d|| V/(t)|L. 

VxR^ \s-t\^P+^ ) 


It is well known that 


R'^xR'^ 


\f{s)-f{tW 

|s - t|“P+<i 


ds dt 1 


sup 

0 uGM'^,| 2 i|<e 
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The right-hand side is the norm of / in the Besov space Higher order extensions have 

been obtained in IM1I71]. 

The main result of the present section is the following quantum extension of these results. Let 

r-i dF\ - 

(3.19) .. — 


Mb-;- = {J^ ^ ’ ■ 


Theorem 3.19. Let 1 < p < oo, 1 < g < oo and 0 < a < k with k an inteqer. Then for 

X € 

lini(fe-a)«||a;||B-,- 

O—>-fe P 

with relevant eonstants depending only on d and k. 

Proof. The proof is easy by using the results of sectionLet x G W^iffg) with 'r(O) = 0. Let A 
denote the limit in Lemma [2.211 Then 


whence 


Jo £ Jo ^ 

dp A'i 

limsup(fc —a) / e~°“^ojp{x,ey —<—. 

a^k Jo ^ d 


Conversely, for any 77 > 0, choose <5 G (0,1) such that 


;(x,e) 


> A — 7], Ve < S. 


Then 


which implies 


Therefore, 


{k-a) 

Jo s d 

liminf(fc -a) [ e)«— > ~ . 

a^k Jq e q 

lim(fc-a) [ e-“«w^(a;,£)«— = - lim 


So Theorem 12.201 implies the desired assertion. 


□ 


Remark 3.20. We will determine later the behavior of ||x||s°.“ when a —?► 0; see Corollary 15.201 
below. 


3.6. The link with the classical Besov spaces 

Like for the Sobolev spaces on Tg, there exists a strong link between Bp^(Tf) and the classical 
vector-valued Besov spaces on T"^. Let us give a precise definition of the latter spaces. We maintain 
the assumption and notation on ip in section IS tI In particular, f 1 -^ ipk* f is the Fourier multiplier 
on T'* associated to 

Tk* f = X! 

for any / G 5'(T'^;W). Here W is a Banach space. 

Definition 3.21. Let 1 < p, g < 00 and a G M. Define 

V) = {/ e S'(T-‘;X) : II/IIb., < »}, 

II/IIb... = (ll/(0)|li + • /llk,T..x,) • ■ 

fc >0 


where 
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These vector-valued Besov spaces have been largely studied in literature. Note that almost all 
publications concern only the case of but the periodic theory is parallel (see, for instance, 
IMl HO]; see also [3] for the vector-valued case). X) is defined in the same way with 

the necessary modifications among them the main difference concerns the term ||/(0)||x above 
which is replaced by ||</> * (r^-x)’ '"^here (j) is the function whose Fourier transform is equal to 

1 ~ Xfc>0 

All results proved in the previous sections remain valid in the present vector-valued setting 
with essentially the same proofs for any Banach space X, except Theorem 13.81 whose vector-valued 
version holds only if X is isomorphic to a Hilbert space. On the other hand, the duality assertion 
in Proposition 13.31 should be slightly modified by requiring that X* have the Radon-Nikodym 
property. 

Let us state the vector-valued analogue of Theorem 13.151 As said before, it is new even in the 
scalar case. The circular Poisson and heat semigroups are extended to the present case too. For 
any fG S'{T<^;X), 

¥r.{f){z) = and Wr{f){z) = z e 0 < r < 1. 

The operator has the same meaning as before, for instance, in the Poisson case, we have 

Jr^rif)= 


where 


C'm./c = |m| • • • (|m| - fc-I-1) if fc > 0 and Cm,k = 


1 


{\m\ + 1) ■ ■ ■ {\m\ - k) 
Theorem 3.22. Let 1 < p,q < oo, a € K and fc £ Z. Let X be a Banach space. 
(i) If k > a, then for any f £ 

dr 


if fc < 0. 


sup ||/(m)||^+ / (l-r)('=-“)^||j',.'=P,(/fc)| 
• |m|<fc 7o 


ip(T‘^;X) 1 _ 


dr \ : 
1 — r) 


where fk = f- ^ J['m)z'''. 

\m\<k 

(ii) Ifk>^, then for any f £ 

pi 


( sup \\f{m)fx+ [ 

|mP<fc JO 


q dr 

LpiT-^-.X) l_ j. 




The following transference result from Tg to is clear. It can be used to prove a majority of the 
preceding results on T^, under the hypothesis that the corresponding results in the vector-valued 
case on are known. 


Proposition 3.23. Let 1 < p,q < oo and a £ K. The map x ^ x in Corollarv \1.2\ is an isometric 
embedding from B^ ^{Tg) into Lp(Tg)) with 1-complemented range. 

Remark 3.24. As a subspace of i^{Lp{Tg)) (see the proof of Proposition 13.31 for the definition 
of this space), Bp^{Tg) can be equipped with a natural operator space structure in Pisier’s sense 
[S3]. Moreover, in the spirit of the preceding vector-valued case, we can also introduce the vector¬ 
valued quantum Besov spaces. Given an operator space E, i3“^(Tg; E) is defined exactly as in the 
scalar case; it is a subspace of £“(Lp(Tg; E)). Then all results of this chapter are extended to this 
vector-valued case, except the duality in Proposition 13.31 and Theorem 13.151 


Chapter 4. Triebel-Lizorkin spaces 

This chapter is devoted to the study of Triebel-Lizorkin spaces. These spaces are much subtler 
than Besov spaces even in the classical setting. Like Besov spaces, the classical Triebel-Lizorkin 
spaces have three parameters, p, g and a. The difference is that the tg-norm is now 

taken before the Lp-norm. Namely, / £ A“g(R'^) iff || (Xfe>o * •^1'*) * lip finite. Besides 
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the usual subtlety just mentioned, more difficulties appear in the noncommutative setting. For 
instance, a first elementary one concerns the choice of the internal £q-norm. It is a well-known fact 
in the noncommutative integration that the simple replacement of the usual absolute value by the 
modulus of operators does not give a norm except for q = 2. Alternately, one could use Pisier’s 
definition of ^^-valued noncommutative Lp-spaces in the category of operator spaces. However, we 
will not study the latter choice and will confine ourselves only to the case g = 2 , by considering the 
column and row norms (and their mixture) for the internal 2 -norms. This choice is dictated by the 
theory of noncommutative Hardy spaces. In fact, we will show that the so-defined Triebel-Lizorkin 
spaces on Tg are isomorphic to the Hardy spaces developed in m- 

Another difficulty is linked with the frequent use of maximal functions in the commutative case. 
These functions play a crucial role in the classical theory. However, the pointwise analogue of 
maximal functions is no longer available in the present setting, which makes our study harder than 
the classical case. We have already encountered this difficulty in the study of Besov spaces. It is 
much more substantial now. Instead, our development will rely heavily on the theory of Hardy 
spaces developed in [80] through a Fourier multiplier theorem that is proved in the first section. It 
is this multiplier theorem which clears the obstacles on our route. After the definitions and basic 
properties, we prove some characterizations of the quantum Triebel-Lizorkin spaces. Like in the 
Besov case, they are better than the classical ones even in the commutative case. We conclude the 
chapter with a short section on the operator-valued Triebel-Lizorkin spaces on T'^ (or K'^). These 
spaces are interesting in view of the theory of operator-valued Hardy spaces. 

Throughout this chapter, we will use the notation introduced in the previous one. In particular, 
(/j is a function satisfying (13.11) . and ipk = 


4.1. A MULTIPLIER THEOREM 


The following multiplier result will play a crucial role in this chapter. 


Theorem 4.1. Let cr £ R with cr > |. Assume that {4>j)>o and {pj)>o are two sequenees of 
eontinuous functions on \ {0} such that 


supp(</>jPj) C {C : 2^ ^ < ICI < 2^^^}, Vj > 0, 
sup||</>j( 2 ^'-)‘^L.(R.) <oo. 


(i) Let 1 < p < oo. Then for any distribution x on T^, 

, 21^1 


j>0 


* Pj * x \~)" 


j>0 




[Y.2^npg 

3>0 


* X 


21 2 


ILp(T^) 


where the eonstant depends only onp,a,d and p. 

(ii) Assume, in addition, that pj = p{2~L'j for some Sehwartz function with supp(p) = : 2~^ < 

Id ^ 2}. Then the above inequality also holds for p = 1 with relevant constant depending 
additionally on p. 


The remainder of this section is devoted to the proof of the above theorem. As one can guess, 
the proof is based on the Calderon-Zygmund theory. We require several lemmas. The first one is 
an elementary inequality. 

Lemma 4.2. Assume that / : —>■ £2 and g : —>■ C satisfy 

feH^{R^-,i 2 ) and [ {l + \s\^y\J^-\g){s)\ds<oo. 

Then fg £ Hf (W^; £ 2 ) and 

Proof. The norm || • || below is that of £ 2 - By the Cauchy-Schwarz inequality, for s £ we have 
= ||^-d/)*-^-'(5)(s)f < ||-^-d5)||i / \\J^-Hf){s-t)f\J^-\g){t)\dt. 
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It then follows that 

< ||•^■^(5)||l / (l + IsP)'^/ -t)f \J^~^{g){t)\dtds 

JRd' jR'i 

< ll•^■'(5)|ll / / (i + k-fr||-?-'(/)(s-i)frfs(i + itprij-'(5)WMi 

jR-i jR‘i 

Thus the assertion is proved. □ 


The following lemma is a well-known result in harmonic analysis, which asserts that every 
Hdrmander multiplier is a Calderon-Zygmund operator. Note that the usual Hormander condition 
is expressed in terms of partial derivatives up to order [|] -|- 1, while the condition below, in terms 
of the potential Sobolev space is not commonly used (it is explicitly stated on page 263 of 

162 ]). Combined with the previous lemma, the standard argument as described in [25l p. 211-214], 
[STl p. 245-247] or [HI P- 161-165] can be easily adapted to the present setting. 

Lemma 4.3. Let (j) = {(j>j)j>o be a sequence of continuous functions on \ {0}, viewed as a 
function from to £ 2 - Assume that 

(4.2) sup||<^(2'=.)(^||^„(^,.^^^ < 00 . 

Let k = (kj)j>o with kj = Then k is a Calderon-Zygmund kernel with values in I 2 , more 

precisely, 

* II*^IIloo(R'^;^ 2) ^ ll^(^ 

• sup / ||k(s-t)-k(s)||^,ds<sup||(/i(2'=.)(/5|| ^ ^ 

The relevant constants depend only on p, a and d. 

The above kernel k defines a Calderon-Zygmund operator on But we will consider only the 
periodic case, so we need to periodize k: 

k(s) = ^ k(s -I- m). 

mGZ'^ 


By a slight abuse of notation, we use kj to denote the Calderon-Zygmund operator on associated 
to kj too: 

l<i(/)(s) = / kj{s-t)f{t)dt, 

where we have identified T with I = [0, 1). kj is the Fourier multiplier on with symbol (fj'. 

f ^^j*f. ^ 

We have k = k|^^. If cj) satisfies (14.21) . then Lemma [4.31 implies 


(4.3) 




sup / 

tGl”^ J{sGl'^:|s|>2|t|} 


||k(s — t) — k(s)|]^ 2 '^s < oo. 


Now let A4 be a von Neumann algebra equipped with a normal faithful tracial state r, and 
let Af = Loo(T‘^)( 8A1, equipped with the tensor trace. The following lemma should be known to 
experts; it is closely related to similar results of HHIlilSI], notably to [33 Lemma 2.3]. Note that 
the sole difference between the following condition (14.4|) and (14.21) is that the supremum in (14.2|) 
runs over all integers while the one below is restricted to nonnegative integers. 
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Lemma 4.4. Let (j) = {(t>j)j>o be a sequenee of continuous functions on \ {0} such that 
(4-4) UWh- = sup 

Then for 1 < p < oo and any finite sequence {fj) C Lp{J\f), 

3>0 j>0 

The relevant constant depends only on p, tp, a and d. 

Proof. The argument below is standard. First, note that the Fourier multiplier on T'^ with symbol 
(j)j does not depend on the values of 4>j in the open unit ball of So letting p be an infinite 
differentiable function on such that p{f) = 0 for |^| < 4 and p{f) = 1 for |^| > 1, we see that 
(j)j and p(j)j induce the same Fourier multiplier on (restricted to distributions with vanishing 
Fourier coefficients at the origin). On the other hand, it is easy to see that (14.41) implies that the 
sequence {p4’j)j>o satisfies (j4.2|l with {p4‘j)j>o in place of 4>. Thus replacing fij by pfij if necessary, 
we will assume that (f) satisfies the stronger condition (14.21) . 

We will use the Calderon-Zygmund theory and consider k as a diagonal matrix with diagonal 
entries (kj)j>i. The Calderon-Zygmund operator associated to k is thus the convolution operator: 


k(/)(s) = / k{s-t)f{t)dt 

for any finite sequence / = {fj) (viewed as a column matrix). Then the assertion to prove amounts 
to the boundedness of k on Lp{M]lf). 

We first show that k is bounded from Loo{M\^ 2 ) into BMO'^(T‘^,i3(£2)C)Af). Let / be a hnite 
sequence in Loo (Af; £ 2)1 and let Q be a cube of whose center is denoted by c. We decompose / 
f = g + h with g = /Ig, where Q = 2Q, the cube with center c and twice the side length of Q. 
Setting 


a= _k{c — t)f{t)dt, 
JP\Q 


we have 


Thus 


where 


Hf){s) - a = k{g){s) + [ {k{s - t) - k{c - t))h{t)dt. 
Ji'i 

\k{f){s)-a\^ds<2{A + B), 


1 

JQ\ 


'Q 


^ = JQ\ I 


^ IQI 




ds. 


(k(s — t) — k(c — t))h{t)dt 

I 

The first term A is easy to estimate. Indeed, by (14.31) and the Plancherel formula, 
\Q\A< [ |k(g)(s)pds= ^ |k(m)g(m)|^ 


/i-i 


= E 9{m)*[k{rn)*k{rn)\g{m) < E l|k(m)llB(i 2 )lffMI' 


< k 


h^oo) 


Id 


< k 


Id 


|g(s)|^ds 


whence 
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To estimate B, let h = {hj). Then by (14.31) . for any s G Q we have 

[ {k{s — t) — k{c — t))h{t)dt =Y| / {kj{s — t) — kj{c —t))hj{t)dt 

Jl<i , I Jl<i 


< 

< 

< 

< 


f ^ IIKs - t)-k{c - 


h‘^\Q 
|2 


L^iJ^-A) / ^WHs-t)-k{c-t)\\i^dt 
lioo(At;^“) • 


Thus 


\^\\b(12)®M - 


/l-i 


(k(s — t) — k(c — t))h(t)dt 


/irf 


(k(s — t) — k(c — t))h{t)dt 


2 


ds 




ds 


Therefore, k is bounded from Lac,{f^', ^ 2 ) iii^o BMO'^(T^, i3(£2)(8)Af). 

We next show that k is bounded from Loo (AC; ^ 2 ) i^ito BMO'’(T'^, B{i 2 )®M.). Let /, Q and a be 
as above. Now we have to estimate 

7^ / I [ k(/)(s) — al* Pds 

We will use the same decomoposition f = g + h. Then 

1 


\Q\ 


[ \ [k{f)is)-a]*\^ds<2{A' + B'), 
JQ 


where 


1 


^ =\Q\ |[k(5)(s)]*| ds, 

1 


'Q 


B’ = 


\Q\ 


'Q 


/l-i 


[{k{s — t) — k{c — t))h{t)] dt 


ds. 


The estimate of B' can be reduced to that of B before. Indeed, 

\\B'\\b(i^)®m - ]^ / [(k(s-t) - k(c-t))/i(t)]*dt 


1 

\Q\ 

1 

M 




(k(s — t) — k(c — t))h[t)dt 


/!<* 


^ ll/llioo(At;«“) ■ 


(k(s — t) — k(c — t))h{t)dt 


B{t2)®M 

2 

B(£2)0M 
ds 


ds 

ds 


B{i2)0M 


However, A' needs a different argument. Setting g = (gj), we have 

\\^'\\b( 12WM |'^'^[Yl^i(9^){s)^ji9J){sya*ai\dsY 




where the supremum runs over all a = (ui) in the unit ball of -^ 2 (^ 2 (Ad)). Considering ai as a 
constant function on I'^, we can write 

aiki{gi) = ki{aigi). 
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Thus 


'Q 


r[^K{gi){s)kj{gj){s)*a*ai\ds = / 

» ^ o 


So by the Plancherel formula, 


II k,{aigi){s)\\Yj^^ds < J^J\Y ^ii‘^i9i){s)\\Yj^)ds 

meZ"^ i 


On the other hand, by the Cauchy-Schwarz inequality, 631) and the Plancherel formula once more, 
we have 

mGZ‘^ i mGZ‘^ i 

<^T[ai Y 9 i{m)gi{m)* a*] 
i 

= Y'r[ai [ g^{s)g,{s)*dsa*] 

= / /i(s)/i('S)*c?sa*] 

< |Q|^T[a* <] 

i 

i 

^ IQI ll/lli„e(V;^0 ■ 

Combining the above estimates, we get the desired estimate of A': 

\\^'\\B{t2)'®M ~ II/IIloo(V;^0 ■ 

Thus, k is bounded from Loo(A/’;^§) into BMO’'(T'^,i3(£2)OAl), so is it from Too(A/’;^§) into 
BMO(T'^,B(£2)®Ad). 

It is clear that k is bounded from L 2 {Af]i 2 ) L 2 {B{i 2 )^N'). Hence, by interpolation via 

63 and Lemma fTHl k is bounded from Lp{J\f;i 2 ) into Lp{B{£ 2 )^J^) for any 2 < p < oo. This is 
the announced assertion for 2 < p < oo. The case 1 < p < 2 is obtained by duality. □ 


Remark 4.5. In the commutative case, i.e., = C, it is well known that the conclusion of the 

preceding lemma holds under the following weaker assumption on (j>\ 


(4.5) 


sup 

fc >0 


{l + \s\^r ; ds\ <oo. 


Like at the beginning of the preceding proof, this assumption can be strengthened to 


sup 

fcGZ 


(£(I + \s\^r\\B-\cj,{2'^-)p){s)\Ydsy < oo. 


Then if we consider k = (ki)i>o as a kernel with values in £oo, Lemma 14.31 admits the following 
£oo-analogue: 

* II^IL„(R'i;^oo) ^ 

• sup / ||k(s — t) — k(s)||^_^c?s < OO. 

tGR*^ J\s\>2\t\ 

Transferring this to the periodic case, we have 


h^oo) 


< oo; 


• sup 


tGl*^ ./{sGlI‘*:|s|> 2 |t|} 


||k(s — t) — k(s)||f^ds < OO. 
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The last two properties of the kernel k are exactly what is needed for the estimates of A and 13 in 
the proof of Lemmaso the conclusion holds when Ai = C. However, we do not know whether 
Lemma 03] remains true when (14.41) is weakened to (|4.5I1 . 

Lemma 4.6. Let 6 = (cbAiX) be a sequence of continuous functions on \ |0| satisfvinq (14.41) . 
Then forl<p<2 and any~f G M), 

j>0 

The relevant constant depends only on p, a and d. 


Proof. Like in the proof of Lemma [4.41 we can assume, without loss of generality, that (f satisfies 
((O) . We use again the Calderon-Zygmund theory. Now we view k = (kj)j>o as a column matrix 
and the associated Calderon-Zygmund operator k as defined on Lp{J\f)'. 


Kf){s)= [ k{s-t)f{t)dt. 

Thus k maps functions to sequences of functions. We have to show that k is bounded from 
to for 1 < p < 2. This is trivial for p = 2. So by Lemma If .91 via in¬ 

terpolation, it suffices to consider the case p = 1. The argument below is based on the atomic 
decomposition of Af) obtained in (see also [B]). Recall that an Af'^-atom is a function 

a G Li(A4; LKT'^)) such that 

• a is supported by a cube Q C ~ 

• Jq a{s)ds = 0; 

• ^[(/q |a(s)Pc?s)"] < |Q|-5. 

Thus we need only to show that for any atom a 

l|k(a)||Li(At;«=) < 1- 


Let Q be the supporting cube of a. By translation invariance of the operator k, we can assume 
that Q is centered at the origin. Set Q = 2Q as before. Then 


(4-6) l|k(a)||Li(At;^“) < l|k(a)lQ||Li(At;^=) + l|k(a)ljdyg||L,(AA;^=) ■ 

The operator convexity of the square function x i—>• |a;p implies 

|k(a)(s)|ds < \Q\i Jjk{a){s)\^dsy . 

However, by the Plancherel formula, 

[\k{a){s)\^ds < ( |k(a)(s)pds= ^ |k(a)(m)p = ^ |k(TO)a(m)|^ 


/I'i 




Therefore, by (lO) 

IIKa)lQ|Ui(At;^=) =T jyy{a){s)\ds < \Q\h[{ J^\a{s)\^dsy] < 1. 

This is the desired estimate of the first term of the right-hand side of (HU). For the second, since 
a is of vanishing mean, for every s ^ Q we can write 


k(a)(s) = / [k{s — t) — k{s)]a{t)dt. 

Jq 

Then by the Cauchy-Schwarz inequality via the operator convexity of the square function x i—> |a;p, 
we have 


Sobolev, Besov and Triebel-Lizorkin spaces on quantum tori 


49 


Thus by (lO) . 

IIKa)V\QlUi(V;^^) = ^ 


|k(a)(s)|ds 


< 


Q 


||k(s - t) -k{s)\\i^ds dt) '■ 


Q Jl'^XQ 


||k(s - <) - k(s)||£2 \a{t)\'^dsdt) ' 


= 1 < 1 . 


^IQr^^'r[(/ |a(s)pds) = 

Jq 

Hence the desired assertion is proved. 


□ 


By transference, the previous lemmas imply the following. According to our convention used in 
the previous chapters, the map (p* x denotes the Fourier multiplier associated to (f> on T^. 

Lemma 4.7. Let (p = {(pj)j satisfy (14.41) . 

(i) For 1 < p < oo we have 

j>0 j>0 

with relevant constant depending only on p, ip, a and d. 

(ii) For 1 < p < 2 we have 

lip - UWh^ IM-h- , X G n^p{T^) 

3>0 

with relevant constant depending only on p, a and d. 

We are now ready to prove Theorem 14.II 

Proof of Theorem [TH Let (j = pj{ip^^ By (13.21) and the support assumption 

on pjPj, we have 

pjPj = CjPj , so pj *Pj * X = (j *Pj * X 

for any distribution x on Tg. We claim that C = (0)t>o satisfies ()4.4|) in place of p. Indeed, given 
fc G No, by the support assumption on p in the sequence C{2^-)p = {(j{2^-)p)j>o has at 

most five nonzero terms of indices j such that k — 2<j<k + 2. Thus 

fe +2 

||C(2 ')t\\(«.’>■,( 2 ) — ^ Il0(2 ■)v^||/i-j-(Rd) ■ 

j=k-2 

However, by Lemma 

||Ci(2^-)‘p||/i-^(Kd) ^ lki(2'^‘)‘p||pr|-(Rd) I k-2<j<k + 2, 

where the relevant constant depends only on d, a and p. Therefore, the second condition of (HU) 
yields the claim. 

Now applying Lemma 14.71 (il with Q instead of pj and Xj = 2^°‘pj * x, we prove part (i) of the 
theorem. 

To show part (ii), we need the characterization of 'Hi(Tg) by discrete square functions stated in 
Lemma Fl . 1 01 with p = I-aP- Let x be a distribution on Tg with x(0) = 0 such that 

||(^2^“|pj *xp)"||i < 00 . 

j>0 

Let y = /“(x). Then the discrete square function of y associated to p is given by 

s'ipiyf = H 3 *y\^ = Y ■ 

j>0 j>0 

So y € 'Hi(Tg) and 

Mhi « ||(^2^“|pj *xp)" 11^ . 

j>0 
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We want to apply Lemma 14.71 (ii) to y but with a different multiplier in place of (f). To that end, 
let rjj = 2^‘^I-a(j)j and -q = (qj)j>o- We claim that q satisfies (14.11) too. The support condition of 
(HU) is obvious for q. To prove the second one, by (jd.2L we write 

qji2^o^io = +^(.0+ 

Since is an infinitely differentiable function with compact support, 


[ (l + |sp)‘^|j' +(/5 + V3^’‘^))(s)|ds < OO. 

Jr’‘ 

Thus by Lemma [4.21 
whence the claim. 

As in the first part of the proof, we define a new sequence C by setting Q = qj pj. Then the new 
sequence C, satisfies (03) too and 


sup ||Cj(2'“'-)</?|| 
fc >0 


< sup ||77 j(2'’-)(^| 

j>0 




On the other hand, we have 

2^°‘(j)j *pj * X = (j * y . 

Thus we can apply Lemma 14.71 (ii) to y with this new instead of (j), and as before, we get 

j>0 j>0 

<sup\\a2'^-)p\\ , \\y\\n^^ 

k>0 ^ 


< 


sup ||(/ij(2'^-)(/j| 

j>0 


m 


j>0 


Hence the proof of the theorem is complete. 


□ 


4.2. Definitions and basic properties 

As said at the beginning of this chapter, we consider the Triebel-Lizorkin spaces on Tg only for 
q = 2. In this case, there exist three different families of spaces according to the three choices of 
the internal £ 2 -norms. 


Definition 4.8. Let 1 < p < oo and a € R. 

(i) The column Triebel-Lizorkin space F“’'^(Tg) is defined by 

F;'^(T^) = {xe5'(T^):||x||^.,c <oo}. 


where 

lkl|F“''= = |^(0)| -k ||(^22'=“|pfc *a;p) = ||^. 

fc >0 

(ii) The row space F“’’'(Tg) consists of all x such that x* € J^“’‘^(Tg), equipped with the norm 

INlF- = lk1lF-- 

(hi) The mixture space Fp(Tg) is defined to be 

if 1 < p < 2, 
if 2 < p < oo. 


f;>^(t^) + f;'’'(t^) 

F;'^(T^)nT;’’-(T^) 


equipped with 


lla^llFT 


inf {I|2 /||f“>'= + I|2||f“>'- ■■x = y + z} if 1 < p < 2, 
niax(||a;||ir“.<= , ||a;||ir“.'-) if 2 < p < oo. 


In the sequel, we will concentrate our study only on the column Triebel-Lizorkin spaces. All 
results will admit the row and mixture analogues. The following shows that T’“’‘^(Tg) is independent 
of the choice of the function (p. 
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Proposition 4.9. Let ij) he a Schwartz funetion satisfying the same condition (EH) as if. Let 
4’k = Then 

k>0 


Proof. Fix a distribution x on with x(0) = 0. By the support assumption on and (IS21) , we 
have (with = 0) 

1 

^k*X= ^k* Vk+j * X. 

i=-i 


Thus by Theorem 14.11 


k>0 J=-l fc>0 


fc >0 


Changing the role of </? and tjjj "we get the reverse inequality. 


□ 


Proposition 4.10. Let 1 < p < oo and a G M. 

(i) FpX(j‘d^ ig Q Banach space. 

(ii) F^x(jd) c if’=(T^) for P<a. 

(iii) Ve is dense in F“’“(Tg) . 

(iv) F°x(Td) = n;{T^g). 

(^) ^“„.i„(p.2)(T^) c c 5“ 2)(T^)- 

Proof, (i) is proved as in the case of Besov spaces; see the corresponding proof of Proposition IT3I 
(ii) is obvious. To show (iii), we use the Fejer means as in the proof of Proposition [277l We need one 
more property of those means, that is, they are completely contractive. So they are also contractive 
on Lp{B{£ 2 )'^Tg), in particular, on the column subspace Lp{Tf;£ 2 ) too. We then deduce that F_n 
is contractive on F“’°(Tg) and limjv_>oo Fn{x) = x for every x G F“’°(Tg). 

(iv) has been already observed during the proof of Theorem 14.11 Indeed, for any distribution x 
on Tg, the square function associated to p defined in Lemma [1.101 is given by 

s^(x) = l^fc " . 

k>0 

Thus ||a:||H- « IkHpo.c. 

(v) follows from the following well-known property: 

£2(Lp(T^)) C Lp(T^;£^2) C £p(Lp(T^)) 

are contractive inclusions for 2 < p < oo; both inclusions are reversed for 1 < p < 2. Note that 
the first inclusion is an immediate consequence of the triangular inequality of L£(Tg), the second 
is proved by complex interpolation. □ 

The following is the Triebel-Lizorkin analogue of Theorem Id.TI We keep the notation introduced 
before that theorem. 

Theorem 4.11. Let 1 < p < oo and a G R. 

(i) For any /3 G R, both and are isomorphisms between F“’'^(Tg) and F““^’'^(Tg). In 
particular, J“ and 1°^ are isomorphisms between FpX{^d'^ and BpifTf). 

(ii) Let a G Rf If x G T’“’‘^(Tg), then D°‘x G Fp '“'“^’'^(Tg) and 
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(iii) Let /3 > 0. 
case, 


Then x € F“’'^(Tg) iff D^x € F“ ^’'^(Tg) for all i = 1, - ■ ■ ,d. Moreover, in this 

d 

IkllFp^'^ ~ mO)\+'^\\D^x\\p^-s.c . 

2=1 


Proof, (i) Let x £ F“’“(Tg) with x(0) = 0. By Theorem 14.11 

k>0 

< sup2"'"^||J^(2'=-)</j||^j(Rd) ||(^22'"“|(^fc 


A:>0 


k>0 


However, it is easy to see that all partial derivatives of the function 2 of order less 

than a hxed integer, are bounded uniformly in k. It then follows that 

sup2-'=^||J;3(2'=-)<p||H-(R<i) < OO. 
fc >0 

Thus \\J^x\\pa-p,a < ||a;||R-°,c. So is bounded from F“>'^(Tg) to its inverse, which 

is J~^, is bounded too. is handled similarly. 

If ^ = a, then = U^iTf) by Proposition E tU] (iv). 

(ii) This proof is similar to the previous one by replacing by D°' and using Lemma 13.51 

(iii) One implication is contained in (ii). To show the other, we follow the proof of Theorem 13.71 
(iii) and keep the notation there. Since 

d 

^k — ^ ^ X.jDj.^^k') 


by Theorem 14.1 


2=1 fc>0 


< sup 2'^^\\xi{2'^-)(p\\H-iR-i) II (Y * -Of xp) ■ 


fe >0 


However, 

where 


V'(C = 


2^^||Xi(2^-)</’llFJ-(R‘i) = 
1 




+ --- + xi‘2'^^d)\U^ {27rif,)P 

As all partial derivatives of ipip, of order less than a fixed integer, are bounded uniformly in k, the 
norm of tpip in iL 2 (R'^) are controlled by a constant independent of k. We then deduce 

< E II ( E 2^'=^“-''^ " lip = E wdUWf--^ 

i—l A:>0 2=1 

The theorem is thus completely proved. 


□ 


Corollary 4.12. Let 1 < p < co and a £ R. Then Fp(Tg) = iL“(Tg) with equivalent norms. 

Proof. Since J“ is an isomorphism from Fp{Tg) onto Fp(Tg), and from Hp(Tf) onto Hp{Tg), it 
suffices to consider the case 0 = 0. But then ]Tp{Tg) = Lp{Tg) by definition, and (T^) = 'Hp{Tg) 
by Proposition 14.101 It remains to apply Lemma lOl to conclude F°(Tg) = Hp{Tg). □ 

We now discuss the duality of F“’'=(Tg). For this we need to define F)^’°(Tg) that is excluded 
from the definition at the beginning of the present section. Let denote the Hilbert space of all 
complex sequences a = {ak)k>o such that 

||a|| = (E2^'=“|afeP)Eoo. 

fc >0 
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Thus Lp(Tg;£ 2 ’'^) is the column subspace of 

Definition 4.13. For a G R we define as the space of all distributions x on Tg that 

admit a representation of the form 

X = with {xk)k >0 ^ 

/c>0 

and endow it with the norm 

= l^(0)| +mf {||(^22'=“|^fe 
fe >0 

where the infimum runs over all representations of x as above. 

Proposition 4.14. Let 1 < p < 00 and a G R. Then the dual space of F’“’'^(Tg) coincides 
isomorphically with F^‘^’'^{Tg). 

Proof. For simplicity, we will consider only distributions with vanishing Fourier coefficients at 
m = 0. We view F“’'^(Tg) as an isometric subspace of Lp{Tg;i 2 ’‘^) via x !->■ {tpk * x)k>o- Then the 
dual space of F“’'^(Tg) is identified with the following quotient of the latter: 

k>0 

equipped with the quotient norm 

Ibll =inf : y = J2pk*yk}- 

k>0 

The duality bracket is given by (x,y) = T{xy*). li p = 1, then Gp/ = by definition. 

It remains to show that Gp' = F~,°‘'^{ffg) for 1 < p < 00 . It is clear that F~,^’'^{Tg) C Gp', a 

contractive inclusion. Conversely, let y G Gp' and y = 'Y^Pk*yk for some {yk)k>o G Tp' (T^;4-“0. 
Then 

Pk*y = Pk* Tk-i * Vk-i +Tk*Tk*yk + Tk* Tk+i * Vk+i ■ 

Therefore, by Lemma IT771 

1 

k>0 i ——1 fc >0 

A:>0 

Thus y G and ||y|lp.-.,= < IIj/Hg,,. □ 

V 

Remark 4.15. (i) The above proof shows that F“’'^(Tg) is a complemented subspace of Lpiffg] £ 2 ’^^) 
for 1 < p < 00 . 

(ii) By duality, Propositions 14.9114.101 and Theorem 14.111 remain valid for p = 00 , except the 
density of Pe- In particular, F^%Tf) = BMO‘=(T^). 

We conclude this section with the following Fourier multiplier theorem, which is an immediate 
consequence of Theorem 14.11 for p < 00 . The case p = 00 is obtained by duality. In the case of 
a = 0, this result is to be compared with Lemma 11.71 where more smoothness of </> is assumed. 

Theorem 4.16. Let cf> be a continuous function on R'^ \ {0} such that 

sup 11^(2'=-) < 00 

for some cr > |. Then if is a bounded Fourier multiplier on F’“’'^(Tg) for all 1 < p < 00 and a G R. 
In particular, (j> is a bounded Fourier multiplier on ’Hp(Tg) for 1 < p < 00 and on BMO'^(Tg). 
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4.3. A GENERAL CHARACTERIZATION 

In this section we give a general characterization of Triebel-Lizorkin spaces on Tg in the same 
spirit as that given in section [32] for Besov spaces. 

Let ao,cxi,a G K with cr > |. Let h be a Schwartz function satisfying ()3.3|) . Assume that i/) is 
an infinitely differentiable function on \ {0} such that 

'\^\>0 on U:2-i< 1^1 <2}, 

(4.7) < J ^{l + \sfy\T~^{iphI_ai)is)\ds <oo, 

sup < oo. 

fcGNo 2 V ; 

Writing (p = + p + and using Lemma 14.21 we have 

\\T-\^{2’^-)p)\\^ < [ {l + \s\^r\T-\^P{2’^-)p){s)\ds. 

So the third condition of (H71) is weaker than the corresponding one assumed in m Theorem 2.4.1]. 
On the other hand, consistent with Theorem l3.9l but contrary to [731 Theorem 2.4.1], our following 
theorem does not require that ai > 0. 

Theorem 4.17. Let 1 < p < oo and a G K. Assume that ao < a < ai and tp satisfies (|4.7p . 
Then for any distribution x on T^, we have 


(4.8) |N|^...«|£(0)| + ||(^2^'=“|i^fc*xp)^ 

k>0 


The equivalence is understood in the sense that whenever one side is finite, so is the other, and the 
two are then equivalent with constants independent of x. 

Proof. Although it resembles, in form, the proof of Theorem l3.91 the proof given below is harder and 
subtler than the Besov space case. The key new ingredient is Theorem 14.II The main differences 
will already appear in the first part of the proof, which is an adaptation of step 1 of the proof of 
Theorem l3.9l In the following, we will fix x with a;(0) = 0. By approximation, we can assume that 
a; is a polynomial. We will denote the right-hand side of (14.811 by ||a:|fo“.= . 

Given a positive integer K, we write, as before 


Then 

(4.9) 


where 


OO K oo 

k—0 k— — oo k—K 


kll 


p,ijj 


< I + IL 


^ = Z! II (Z! * Tj+k * xp) = 

k<K j 

k>K j 
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The estimate of the term I corresponds to step 1 of the proof of Theorem 13.91 We use again (13.8p 
with ry and p defined there. Then applying Theorem 14.II twice, we have 


1= ^ 

k<K 3 

= ^ 2'=(--“) 11(5] 2^^“* p, * xH ^ 11^ 

k<K j 


k<K 


< 


\Io.M\h^ E || (5] ^ 


k<K 


= IK«dL, 


k<K 


Being an infinitely differentiable function with compact support, la^^p belongs to that is, 

lUai'/^ll cj<T < c»- Next, we must estimate uniformly in k. To that end, for s € K'^, 

II II II 2 '' '' -^2 

using 

dR<i 


for k < K, we have 

= / (l+kPr|.F-i(77(-'^)^)(s)|^ds 

^ jR-i 

< ||•^“^(»7)||l / {^ + \s\^V f -2'^t)\^dtds 

jRd' JRd' 

<\\J^-\v)\\J (1 + |2'^T|Y|.F-I(77)(t)| / {l + \s-2H\y\j^-\^){s-2’^t)\^dsdt 

Jr‘‘ Jr'>‘ 

<2^'^\\T-Hv)\\ 3 [ {l + mT-\pm\dt [ (l + |spr|J^-i(^)(s)|^ds 

JR'^ JR'^ 

<c^,<7,k( f {l + \t\'^y\T~^{p){t)\dt) . 

^ jRd ^ 

In order to return back from 77 to ' 0 , write 

77 = I-a^i>h + - h). 


Note that 

(4.10) [ {1 + - h)){t)\dt = C^,h,ai,a,K < 00 

JRI^ 

since ~ h) is an infinitely differentiable function with compact support. We then deduce 

f (1 + J'“^(77)(t)|dt < [ {l + \t\‘^y\T~^{I-a-,iph){t)\dt. 

JR'i JR<7 

The term on the right-hand side is the second condition of (HTl) . Combining the preceding in¬ 
equalities, we obtain 

I< / (l+|t|Y|-^-'(/-a.V'/^)(i)|dt|N|^^».». 

jR'i 

The second term II on the right-hand side of (14.911 is easier to estimate. Using (I3.11|) . Theorem l4.ll 
and arguing as in the preceding part for the term I, we obtain 

II< 5^ 2-2'=“||j_„„V'(2'=-)i?^||^. ||x||^.,c 

k>K 

< 5] 2-2fc“||/_„„0(2'=.)if<^||^, ||x||p,..., 

k>K ^ 
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where H = ip{2 ^■) -\-ip-\-^p{2 ■). To treat the last Sobolev norm, noting that I-^qH is an infinitely 
differentiable function with compact support, by Lemma 14.21 we have 

2 2 J-^d 2 

Therefore, 

II < sup ||x||i.- 

(4.11) 


k>K 


k>K 


< c sup 2 

k>K 


H: 


2iao — a)K 

2 I - 2 “ 0 -a 




with some constant c independent of K. Putting this estimate together with that of I, we finally 
get 

INIf-< IkllF-. 


p,ijj 


Now we show the reverse inequality by following step 3 of the proof of Theorem 13.91 (recalling 
that A = 1 — h). By (13.1311 and Theorem 14.11 




3=0 


< 




3=0 




3=0 

Then combining the arguments in step 3 of the proof of Theorem 13.91 and ()4.1ip with in 

place of ' 0 , we deduce 

°° ^ ^ 1 o{cto — a)K 

||(y]22J“|Aj+if + 0J +xp) = || < C sup 2-'=“‘>||A(2'=-^-)0(2'=-)(^||^„ , _ I^IIf^’” • 

j=0 ^ ^ ^ 

To remove \{2^~^■) from the above Sobolev norm, by triangular inequality, we have 


A(2'=-^.)0(2'=.)<^ I . < V'(2'=-)<^ L. + M2"-^-)V'(2"-)^ 


Iff- 


By the support assumption on h and ip, h{2^~^■)(p ^ 0 only for k < K + 2, so the second term on 
the right hand side above matters only for fc = iL + 1 and k = K + 2. But for these two values of 
k, by Lemma 14.21 we have 

||h( 2 '=-^.) 0 ( 2 ^-.)^||^„ < c'|| 0 ( 2 '=.)^||^„ , 

where c' depends only on h. Thus 


|A(2'=-^.)0(2".)JL. <(1 + cO||V'(2"-)¥^| 


ff- 


Putting together all estimates so far obtained, we deduce 

Iklli.-.- < ||x||^-,=+c(l+ c') sup 2 -'=“‘>|| 0 ( 2 '=-)^| 


ff; 


2 (ao —«)F 

I I - 2 “ 0 -a 


IfIIf“ 


So if K is chosen sufficiently large, we finally obtain 

I 

which finishes the proof of the theorem. 


^IIf 0 - < 


□ 


Remark 4.18. Note that we have used the infinite differentiability of ip only to insure (14.1011 . 
which holds whenever 0 is continuously differentiable up to order [^] + 1. More generally, we need 
only to assume that there exists cr > ^ + 1 such that 077 G iLf (R'^) for any compactly supported 
infinite differentiable function 77 which vanishes in a neighborhood of the origin. 


Like in the case of Besov spaces. Theorem 14.171 admits the following continuous version. 
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Theorem 4.19. 


Under the assumption of the previous theorem, for any distribution x onTg, 

de\i 


l|a;||F° 


f(0)| 


^-2a 


\A 


* x\ 


.de\ 

v) 


Proof. This proof is very similar to that of Theorem 14.171 The main idea is, of course, to discretize 
the continuous square function; 


.-2a 


I'f’e * 


de 


j=o 


/2-J-i 


IV'e * 


de 


We can further discretize the internal integrals on the right-hand side. Indeed, by approximation 
and assuming that a; is a polynomial, each internal integral can be approximated uniformly by 
discrete sums. Then we follow the proof of Theorem Id.Ill with necessary modifications as in the 
preceding proof. The only difference is that when Theorem 14.11 is applied, the Li-norm of the 
inverse Fourier transforms of the various functions in consideration there must be replaced by the 
two norms of these functions appearing in (14.7|) . We omit the details. □ 


4.4. Concrete characterizations 


This section concretizes the general characterization in the previous one in terms of the Poisson 
and heat kernels. We keep the notation introduced in section [331 

The following result improves [71 Section 2.6.4] at two aspects even in the classical case: Firstly, 
in addition to derivation operators, it can also use integration operators (corresponding to negative 
k); secondly, [73 Section 2.6.4] requires fc > d -I- max(a,0) for the Poisson characterization while 
we only need k > a. 


Theorem 4.20. Let 1 < p < oo and a G R. 

(i) Let /c G Z sueh that k > a. Then for any distribution x on Tg, 




f(0)| 




(ii) Let fc G Z such that k > ^. Then for any distribution x on 


|S(0)| 




The preceding theorem can be formulated directly in terms of the circular Poisson and heat 
semigroups of T^. The proof of the following result is similar to that of Theorem 13.151 and is left 
to the reader. 


Theorem 4.21. Let 1 < p < oo, a G R and /c G Z. 
(i) If k > a, then for any distribution x on Tg, 

r-i 




max 

|m|<fc 




dr ^ 
1 — ry 


where Xk = x — x{m)U'^. 

|m| <k 

(ii) ifk > then for any any distribution x on Tg, 


FIIf“ 


max |x(m)| 

|m|2<fc' 




The proof of Theorem \f.20\ Similar to the Besov case, the proof of (ii) is done by choosing ai = 
2k > a. But (i) is much subtler. We will first prove (i) under the stronger assumption that 
k > d + a, the remaining case being postponed. The proof in this case is similar to and a little 
bit harder than the proof of Theorem 13.131 Let again if{^) = (—sgn(fc)2F|^|)^e“^'^I^L As in that 
proof, it remains to show that ip satisfies the second condition of dHTj) for some ai> a and cr > |. 
Since fc > d -|- a, we can choose ai such that a < ai < k — d. We claim that Ik-a^ h P G (R'^) 
for every ai G (|, k — ai + ^). Indeed, this is a variant of Lemma ISTSl with a = k — ai and p = hP. 
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The difference is that this function p is not infinitely differentiable at the origin. However, the 
claim is true if cri is an integer. Then by complex interpolation as in the proof of that lemma, 
we deduce the claim in the general case. Now choose a such that | < cr < ^ (cti — |) and set 
Tj = ui — 2a. Then 77 > |, and by the Cauchy-Schwarz inequality, we have 

[ {l + \s\‘^y\T-\h-a.^hP){s)\ds<( f il + \s\y^+^\T-^{h-c.^hF)is)\^dsy 

JR'i ^ ^ 

< 11 -^ ^(4-ai^P) ||^-l(]Ud) ■ 

Therefore, the second condition of (031) is verified. This shows part (i) in the case k > d + a. □ 
To deal with the remaining case fc > a, we need the following: 


Lemma 4.22. Let 1 < p < 00 and k,£ G h such that i > k > a. Then for any distribution x on 
Tg with x(0) = 0, 

|2d£\5 ^ ^ y ^2(e-a)jj-eS 

p 

Proof. By induction, it suffices to consider the case t = k + 1. We first show the lower estimate: 

de\i 


iction, it suffices to conside: 


< 


c + 1. We first show th( 

( I' y) 


To that end, we use 


P,{x) = -sgn(fc) / Psix)dS. 


Choose /? € (0, k—a). By the Cauchy-Schwarz inequality via the operator convexity of the function 
1t^, we obtain 


\JePeix)r< 


^- 2/3 roo 


2/3 


<52(i+«|ji=+ip,(x)f 


It then follows that 

nl 


S ■ 

rS 


— _ / A2(fc+l-Q')| ^fc+l p / \| 

4/3(fc-a-/3) X ^ 


,2 <M 

T 


Therefore, 


(y'£2(fe-«)|j-j=p^(^)|2^y 


< 


< 


(y“<5^('=+i-“)|jrip^(^)rf)" 


d 6 \i 


as desired. ^ _ _ 

The upper estimate is harder. This time, writing Pej+ea = Pe, * P£ 2 i have 

(^^k+ijk+i p^^ ^ sgn(fc) 2 '=+i e'^+^^Ps * Pe 

= sgn(fe)2'=+i£'=4 * 

where = —27r|^| Thus 

( y ' e2(fc+l-a) l^fc+l p^(^) I 2 = 1^ ^ I ^ = I l^gk+l-ajk+1 p^^ 


12 de\i 
S—2e £ 


= 2 ^+^ 


d£\ 

£ J p 


< 2 


k-\-l — OL 




de\i 


Now our task is to remove from the integrand on the right-hand side in the spirit of Theorem 14. II 
To that end, we will use a multiplier theorem analogous to Lemma [4.71 Let H = L 2 (( 0 , 1), —) 
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and define the i?-valued kernel k on by k(s) = {‘t’eis ))It is a well-known elementary fact 
that this is a Calderon-Zygmund kernel, namely, 

• sup / ||k(s — t) — k(s)||i/ds < oo. 

teR** d|s|>2|t| 

Thus by Lemma 14.71 (i) (more exactly, following its proof), we obtain that the singular integral 
operator associated to k is bounded on Lp{Tg-, H‘^) for any 1 < p < oo; consequently, 

2 de\i 

I I “/ I C / T 1 I - 


(4.12) 

whence 




< 




Thus the lemma is proved for 1 < p < oo. 

The case p = 1 necessitates a separate argument like Lemma 14.71 We will require a more 
characterization of Hi(Tg) which is a complement to Lemma Fl. 101 It is the following equivalence 
proved in m- 

Let /3 > 0. Then for a distribution x on with x(0) = 0, we have 


(4.13) 




\{ll^P)e*x\^^y 


Armed with this characterization, we can easily complete the proof of the lemma. Indeed, 

* (/“x) = (-sgn(fc)27r)-'=e'=-“jj=Pe(a;) ■ 

Thus by (14.131) with P = k — a, 

de\i 




It then remains to apply Lemma 14771 (ii) to /“x to conclude that ()4.12p holds for p = 1 too, so the 
proof of the lemma is complete. □ 

End of the proof of Theorem 14 The preceding lemma shows that the norm in the right-hand 
side of the equivalence in part (i) is independent of k with k > a. As (i) has been already proved 
to be true for k > d + we deduce the assertion in full generality. □ 

We end this section with a Littlewood-Paley type characterizations of Sobolev spaces. The 
following is an immediate consequence of Corollarv l4.12l and the characterizations proved previously 
in this chapter. 

Proposition 4.23. Let ip satisfy (I4.7D . k > a and 1 < p < oo. Then for any distribution on T^, 
\\x\\h^ ~ l^(0)| + 

inf {||(^ (22'=“!^,. .p|2 )^||^+ ||(^ (22'=«|(^, , zri^yQ tfl<p<2, 


k>0 


k>0 


lip’ ll(Xl(2^^“l(^'=*^)*l^)"llp} »/2<P<oo; 


k>0 


k>0 


and 

||x||^. « |^( 0 )|+ 

1*1 


< 


inf 


max < 


{||(/A^(‘-“)p,‘p,(x)rf)’ 


-b 


^2(/c-a)|(^^fcp^(^))*|2*)" I */l<p<2, 

£ / pJ 

'e2(fc-«)|(jfep^(a;))Y-)^|| I tf2<p<oo. 

£ J WpJ 


The above infima are taken above all deeompositions x = y -\- z. 
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4.5. Operator-valued Triebel-Lizorkin spaces 

Unlike Sobolev and Besov spaces, the study of vector-valued Triebel-Lizorkin spaces in the 
classical setting does not allow one to handle their counterparts in quantum tori by means of 
transference. Given a Banach space X, a straightforward way of defining the X-valued Triebel- 
Lizorkin spaces on is as follows: for 1 < p < oo, 1 < g < oo and a £ M, an X-valued distribution 
/ on T"* belongs to if 

ll/llEy„ = 11/(0)11 A + 

fc >0 

A majority of the classical results on Triebel-Lizorkin spaces can be proved to be true in this vector¬ 
valued setting with essentially the same methods. Contrary to the Sobolev or Besov case, the space 
Lp(Tg)) is very different from the previously studied space Fp 2 ^e)- This explains why 
the transference method is not efficient here. 

However, there exists another way of defining U“ 2 (T'^;X). Let (r^) be a Rademacher sequence, 
that is, an independent sequence of random variables on a probability space (O, P), taking only 
two values ±1 with equal probability. We define ^he the space of all X-valued 

distributions / on T'^ such that 

ll/ll^’pUad = 11/(0)11^ + II E 2"“ * /|L^(axT<^;A) < 

fc >0 

It seems that these spaces P“,.ad(T‘*; A') have never been studied so far in literature. They might 
be worth to be investigated. If AT is a Banach lattice of finite concavity, then by the Khintchine 
inequality, 

ll/llf,-.., »= ll/(0)llx +11(^2“” iw 

k>0 

This norm resembles, in form, more the previous one Moreover, in this case, one can also 

define a similar space by replacing the internal ^ 2 -iiorm by any £q-norm. 

But what we are interested in here is the noncommutative case, where A' is a noncommutative 
Lp-space, say, X = Lp{Tg). Then by the noncommutative Khintchine inequality m. we can show 
that for 2 < p < oo (assuming /(O) = 0), 

ii/ii^,“.d - max {II (2 ^'=“ * /n" lip. II (E 2 ^'=“ In ^ lip}■ 

k>0 k>0 

Here || ||p is the norm of Lp{T‘^; Lp(Tg)). Thus the right hand-side is closely related to the norm 
of Fp{Tg) defined in section lU^ In fact, if a: x denotes the transference map introduced in 

Corollary 11.21 then for 1 < p < oo, we have 

||x||p.c.(Ta) ~ ll^llF“„^(T‘i;Lp(T^)) • 

This shows that if one wishes to treat Triebel-Lizorkin spaces on fg via transference, one should 
first investigate the spaces LpiTg)). The latter ones are as hard to deal with as P“(Tg). 

We would like to point out, at this stage, that the method we have developed in this chap¬ 
ter applies as well to Fp^^^{T‘^;Lp{Tg)). In view of operator-valued Hardy spaces, we will call 
P^rad('^'^i TpCITg)) an operator-valued Triebel-Lizorkin space on T^. We can define similarly its 
column and row counterparts. We will give below an outline of these operator-valued Triebel- 
Lizorkin spaces in the light of the development made in the previous sections. A systematic study 
will be given elsewhere. In the remainder of this section, M will denote a finite von Neumann 
algebra Ai with a faithful normal racial state r and Af = Loo(T‘^)(8AI. 

Definition 4.24. Let 1 < p < oo and a £ K. The column operator-valued Triebel-Lizorkin space 
A4) is defined to be 

= {/ £ 5'(T‘^;Li(M)) : |l/||p,..c < oo}, 

ii/iIf-= = ii7(0)iu,(a.) + ll(E2^'=“i^fc */n"IL,(N) ■ 

fc >0 


where 


Sobolev, Besov and Triebel-Lizorkin spaces on quantum tori 


61 


The main ingredient for the study of these spaces is still a multiplier result like Theorem 14.11 
that is restated as follows: 

Theorem 4.25. Assume that {4>j)>o and {pj)>o satisfy (14.11) with some cr > |. 


(i) Letl<p<oo. Then for any f G Li{A4)), 


j>0 


j>0 


j>0 


I Lp{J\f) 


(ii) If Pj = p{2 !•) for some Schwartz function p with supp(p) = {^ : 2 ^ < |C| < 2}. Then the 
above inequality holds for p = 1 too. 

The proof of Theorem 14.11 already gives the above result. Armed with this multiplier theorem, 
we can check that all results proved in the previous sections admit operator-valued analogues 
with the same proofs. For instance, the dual space of Af) can be described as a space 

^^a,c(']pd,analogous to the one defined in Definition 14.131 However, following the i/i-BMO 
duality developed in the theory of operator-valued Hardy spaces in [50] , we can show the following 
nicer characterization of the latter space in the style of Carleson measures: 

Theorem 4.26. A distribution f G Li(A4)) with /(O) = 0 belongs to F^’'^{T'^, A4) iff 

TJ Y. 2““|w./(,)|^d. 

^ k>log^{l(Q)) 

where the supremum runs over all cubes ofT‘^, and where 1{Q) denotes the side length of Q. 

The characterizations of Triebel-Lizorkin spaces given in the previous two sections can be trans¬ 
ferred to the present setting too. Let us formulate only the analogue of Theorem 14.211 

Theorem 4.27. Let 1 < p < oo, a £ R and k G Z. 

(i) If k > a, then for any f G 5'(T“*; Li(Al)), 


sup 

Q 


< oo, 


M 


max \\f{m)\\Lp(M) 

\m\<k 




dr 

1 — r 




where fk=f- ^ /(m)t/™. 

I m I < Ai 

(ii) Ifk>^, then for any f G S'(T'^;Li{M)), 

i-i 


nip \\f{m)\\L ^M) 

|mp<fe 




dr N 
1 — rd 


LplJG) 


Chapter 5. Interpolation 

Now we study the interpolation of the various spaces introduced in the preceding three chapters. 
We start with the interpolation of Besov and Sobolev spaces. Like in the classical case, the 
interpolation of Besov spaces on Tg is very simple. However, the situation of (fractional) Sobolev 
spaces is much more delicate. Recall that the complex interpolation problem of the classical couple 
(VFf(K‘^), W;((,(]R'^)) remains always open (see [HI p. 173]). We show in the first section some 
partial results on the interpolation of and iL“(Tg). The main result there concerns the 

Hardy-Sobolev spaces H7^^(Tg) and 77^^ (T^), that is, when the Li-norm is replaced by the nicer 
77i-norm on Tg. The spaces and 7Lgj^Q(Tg) are also considered. The most important 

problem left unsolved in the first section is to transfer DeVore and Scherer’s theorem on the real 
interpolation of (W(‘(K‘’*), H(((,(]R'’*)) to the quantum setting. The main result of the second section 
characterizes the K-functional of the couple (Lp(Tg), W^iffg)) by the Lp-modulus of smoothness, 
thereby extending a theorem of Johnen and Scherer to the quantum tori. This result is closely 
related to the limit theorem of Besov spaces proved in section 13.51 The last short section contains 
some simple results on the interpolation of Triebel-Lizorkin spaces. 

5.1. Interpolation of Besov and Sobolev spaces 

This section collects some results on the interpolation of Besov and Sobolev spaces. We start 
with the Besov spaces. 
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Proposition 5.1. LetO<r]<l. Assume that a,ao,ai gM. and p,po,pi,q,qo,qi € [1, oo] satisfy 
the constraints given in the formulas below. We have 


(i) 

(ii) = 

(iii) {BZ,o(J9), = 

1 I — p p 1 1 — p 

P Pq Pi q 9o 

(iv) {BZ,,Z^t\B-l,A^t)),= 

1 1 — ?? p 

- = -1-, q < oo. 

q qo qi 


BZ(Jl), 

BZ(Jl), 

= B^iJI), 


ao ^ ai,a = {1 - p)ao + pai; 

1 1 — »7 p 

q qo qi 

a = (1 - p)ao + pai, 


H— ,p = q; 
qi 


■Sp,g(Te), a= {l-p)ao+pai, 


1 

P 


1 — p 

Po 


JL 

Pi 


Proof. We will use the embedding of B^^^iffg) into £“(Lp(Tg)). Recall that given a Banach space 
X, £g(X) denotes the weighted £q-direct sum of (C, X, X, ■ ■ ■), equipped with the norm 

||(a,xo,a;i,...)ll = (|ar + ^ 2 ^-«“||xfe|r)\ 

fc >0 


Then i?“,j(Tg) isometrically embeds into ^“(Lp(Tg)) via the map I defined by Xx = (x(0),po * 
X, (pi*x, ■ ■ ■). On the other hand, it is easy to check that the range of I is 1-complemented. Indeed, 
let P : £“(Lp(Tg)) —>• 1?“,j(Tg) be defined by (with = 0 for fc < —1) 

P{a,xo,xi,- ■ ■) = a + ^(^fe_i +pk +(pk+i) *Xk. 

k>0 


Then by (Id.2D . VXx 
have 


= X for all X G 1?“,j(Tg). On the other hand, letting y = P{a, xo,xi, - ■ ■), we 
t +2 

Pj*y= X! Pj*{Pk-i+Pk + Pk+i)*Xk, j > 0 . 

k=j-2 


Thus we deduce that P is bounded with norm at most 15. 

Therefore, the interpolation of the Besov spaces is reduced to that of the spaces ig{Lp{Tg)), 
which is well-known and is treated in O Section 5.6]. Let us recall the results needed here. For a 
Banach space X and an interpolation couple {Xq, Xi) of Banach spaces, we have 

• aoy^ai,a={l-p)ao + pai; 


(Q(Xo), C(Y))p,„ = e^iiXo, Xi)p.,), a = (1 - p)ao + pau 1 = 1-^ + ^; 


-90 V uy, ^9, V -9'. .^ 

{iZ{Xo),eZ{Xi))^=e^{{Xo,X,)Z, a = {l-p)ao+pa,, 1 = + ^ , q < oo. 


It is then clear that the interpolation formulas of the theorem follow from the above ones thanks 
to the complementation result proved previously. □ 


Remark 5.2. If q = oo, part (iv) holds for Calderon’s second interpolation method, namely, 
(BZ.ooin), BZ,ooin)y = B-^in), a = (1 - p)ao + pa,,- = ^ + ^. 

VO, VI, / V, p Po Pi 

On the other hand, if one wishes to stay with the first complex interpolation method in the case 
q = oo, one should replace Bp^^{Tg) by Bp ,,.^(Tg)- 

(Rp“%JT^), i?p“:,,„(T^))^ = BZZ^Z ■ 

Now we consider the potential Sobolev spaces. Since is an isometry between 77“ (T^) and 
Lpifff) for all 1 < p < oo, we get immediately the following 

Remark 5.3. Let 0 < ry < I, a G K, I < Po, Pi < oo and i = Then 

(77p“ (T^), 77p“ (T^))^ = 77“(T^) and (77p“ (T^), i?p“ (T^)),,p = i?“(T^) ■ 
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The interpolation problem of the couple (^Hp°(Tg), Hp^(Tg)'^ for oo ai is delicate. At the 
time of this writing, we cannot, unfortunately, solve it completely. To our knowledge, it seems that 
even in the commutative case, its interpolation spaces by real or complex interpolation method 
have not been determined in full generality. We will prove some partial results. 

Proposition 5.4. Let 0 < ry < 1, oq 7 ^ cii G K. and 1 < p,q < oo. Then 

a = (1 - v)ao + mi . 

Proof. The assertion follows from Theorem l3.81 the reiteration theorem and ProDOsition IS.lK il. □ 
To treat the complex interpolation, we introduce the potential Hardy-Sobolev spaces. 


Definition 5.5. For a G K., define 

= {x G 5'(T^) : J“xG'Hi(T^)} with ||x||^„ = || . 

We define similarly. 

Theorem 5.6. Let oq, oi G R and 1 < p < oo. Then 

« = (1 - -)«o + - . 
p P P 

We require the following result which extends Lemma o: ii): 

Lemma 5.7. Let cj) be a Mikhlin multiplier in the sense of Definition HOI Then (f> is a Fourier 
multiplier on both 'Hi{Tg) and BMO(Tg) with norms majorized by Cd||^||M- 

Proof. This is an immediate consequence of Lemma 14.71 (the sequence {(fj) there becomes now the 
single function </>). Indeed, by that Lemma, ^ is a bounded Fourier multiplier on 'Hi{Tg), so by 
duality, it is bounded on BMO(Tg) too. □ 

We will use Bessel potentials of complex order. For z G C, define Jz(^) = (1 + and to 

be the associated Fourier multiplier. 

Lemma 5.8. Let < G R. Then J‘* is bounded on both 'Hi{Tg) and BMO(Tg) with norms majorized 
by Cd{l + \t\)‘^. 

Proof. One easily checks that Ju is a Mikhlin multiplier and || JitHivi < Cd(l + Thus, the 

assertion follows from the previous lemma. □ 


Proof of Theorem \5.f)\ Let x G iL“(Tg) with norm less than 1, that is, J“x G Lp(Tg) and || J“a;||p < 
1. By Lemma |l.91 and the definition of complex interpolation, there exists a continuous function 
/ from the strip S' = {2; G C : 0 < Re( 2 ;) < 1} to 'Hi(Tg), analytic in the interior, such that 

fil) = 


sup ||/(it)|L„o < c and sup ||/(1 + it)| 

t£R t£R 




, < c 

IBMO — ■ 


Define (with rj = ^) 

F{z) = 2 G S. 

Then for any t G R, by the preceding lemma, 

||F(it)|L.o 

A similar estimate holds for the other extreme point 7L^((Tg). Therefore, 
a. = F{iq) G ^ with norm < c'. 

We have thus proved 

i7p“(T^)C (i^“^o(T^)^ff«;(T«)),■ 

Since the dual space of 'Hi{Tg) is BMO(Tg), we have 


iL“((T^r =iLB“^o(T^)- 


Thus dualizing the above inclusion (for appropriate ai and p), we get 
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where (••)’* denotes Calderon’s second complex interpolation method. However, by [7] 
(^b£io(T^). ^BMb(T^)*), C , H^Sih(Jlry isometrically. 

Since 

K\i^9) C H-^Mr isometrically, 

we finally deduce 

which concludes the proof of the theorem. □ 

Corollary 5.9. Let 0 < r] < 1, oq, oi S K and 1 < po,Pi < oo. Then 

(T^), (T^))^ (T^), a = (1 - p)a, + + ^ . 

Proof. The preceding proof works equally for this corollary. Alternately, in the case po ^ pi, the 
corollary immediately follows from the previous theorem by reiteration. Indeed, if po pi, then 
for any oq, oi G M there exist /3o, ,di G R such that 

(1 - —)/3o + —bi = ao and (1 - —)/3o + —/3i = oi. 

Po Po Pi Pi 

Thus the previous theorem implies 

(^^mo(T^) ^ (T.)) i (T^), J = 0 , 1 . 

pj 

The corollary then follows by the reiteration theorem. □ 

It is likely that the above corollary still holds for all 1 < poiPi < oo: 

Conjecture 5.10. Let ao,«i G M and 1 < p < oo. Then 

(iL““(T^), iir(T^))i = , « = (1 - -)ao + — • 

P p p 

By duality and Wolff’s reiteration theorem m, the conjecture is reduced to showing that for 
any 0 < 77 < 1 and 1 < po < 00 , 

(7L“«(T^), , « = (1 - vho + ryoi , i = + ^ . 

Since C Theorem 15.61 implies 

So the conjecture is equivalent to the validity of the converse inclusion. 

Remark 5.11. The proof of Theorem 15.61 shows that for ooj oi G M and 0 < ry < 1, 

(il““(T^), a = (1 - p)ao + v^i . 

We do not know if this equality remains true for the couple (il““(Tg), 

We conclude this section with a discussion on the interpolation of (Tg), Wp^ (Tg)). Here, the 
most interesting case is, of course, that where po = 00 and pi = 1. Recall that in the commutative 
case, the K-functional of (IT(^(T'’*), is determined by DeVore and Scherer [3T]; however, 

determining the complex interpolation spaces of this couple is a longstanding open problem. 

Note that if 1 < po,pi < 00 , (iHpo(T^), IRpi(Te)) reduces to by virtue 

of Theorem 12.91 So in this case, the interpolation problem is solved by the preceding results on 
potential Sobolev spaces. This reduction is, unfortunately, impossible when one of po and pi is 
equal to 1 or 00 . However, in the spirit of potential Hardy Sobolev spaces, it remains valid if we 
work with the Hardy Sobolev spaces Hb'moC^s) instead of and WiiTg), 

respectively. Here, the Hardy Sobolev spaces are defined as they should be. 

Using Lemma 15.71 we see that the proof of Theorem 12.91 remains valid for the Hardy Sobolev 
spaces too. Thus we have the following: 

Lemma 5.12. For any fc G N, W]^Mo(Te) = -ffBMo(Te) and lU^^(T^) = 
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Theorem 5.13. Let k G N and 1 < p < oo. Then for X = (Tg) or X = WiiTf), 

{wUoiO: X), = W^{Tt) = {wUoiO. X), 

p p 

Consequently, for any 0 < rj < 1 and 1 < po < oo, 

Proof. The first part for X = follows immediately from Remark 15.31 Theorem 15.61 and 

Lemma 15.121 Then by the reiteration theorem, for any 1 < p < oo and 0 < r/ < 1, we get 

(W"bVo(T^), %"(T^)),=<(T^) and (Wp^(T^), (T^))^ = 

where - = XzH -|- 2 and - = XzH -j- R, On the other hand, by the continuous inclusion 'Hi(Ti) C 

q CO p r p 1 "i J J-vy/ 

Li (Tg), we have 

the last inclusion above being trivial. Thus 

Therefore, by Wolff’s reiteration theorem [^, we deduce the first part for X = Wf(Tg). The 
second part follows from the first by the reiteration theorem. □ 

Remark 5.14. The second part of the previous theorem had been proved by Marius Junge by a 
different method; he reduced it to the corresponding problem on "Hi too. 

The main problem left open at this stage is the following: 

Problem 5.15. Does the second part of the previous theorem hold for pq = oo? 

5.2. The K-functional of {Lp, Wp) 

In this section we characterize the K-functional of the couple {Lp{Tg), Wp{Tg)) for any 1 < p < 
oo and k G N. First, recall the definition of the K-functional. For an interpolation couple {Xq, Xi) 
of Banach spaces, we define 

K{x,e; Xo,Xi) = inf {||xo||jco +e||2;o||xi ■ x = + xi,xo G Xq, xi G Xi} 

for e > 0 and x G Xq + Xi. Since Wp{Tg) C Lp{Tg) contractively, K{x, e; Lp{Tg), Wp{Tg)) = ||a;||p 
for £ > 1; so only the case £ < 1 is nontrivial. The following result is the quantum analogue of 
Johnen-Scherer’s theorem for Sobolev spaces on (see [30]; see also [OJ Theorem 5.4.12]). Recall 
that ujp{x,e) denotes the fcth order modulus of Lp-smoothness of x introduced in section [T4l 

Theorem 5.16. Let 1 < p < oo and k gN. Then 

K{x,e>^-, Lp{T^g),W^{T^g))^e'^\xm+oj^p{x,e), 0<£< 1 

with relevant constants depending only on d and k. 

Proof. We will adapt the proof of m Theorem 5.4.12]. Denote K{x,e; Lp{Tg),Wp{Tg)) simply by 
K{x,e). It suffices to consider the elements of Lp{Tg) whose Fourier coefficients vanish at m = 0. 
Fix such an element x. Let x = y + z with y G Lpiffg) and z G Wpiff^) (with vanishing Fourier 
coefficients at 0). Then by Theorem 12.201 

Wp(a;,£) < a;^(y,£)-f a;^(2;,£) < ||y||p + , 

which implies 

^p(,x,e) < K{x,e^). 

The converse inequality is harder. We have to produce an appropriate decomposition of x. To 
this end, let I = [0, l)*^ and define the required decomposition by 
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where u = ui + ■ ■ ■ + Uk- Then 

\\y\\p < II A^„(a;)||pdui • • • duk < u}pix, kVde) < u}^{x, e). 

To handle z, using the formula 

we rewrite z as 


j=o 


T- 

^jeu 1 


i=i 


J^'^jeu{x)dui ■ ■ ■ dUk- 


All terms on the right-hand side are treated in the same way. Let us consider only the first one by 
setting 

- 2 : 1 = ■■■ / T^u{x)dui ■ ■ ■ duk- 

Jl Jl 


Write each Ui in the canonical basis of ] 


d 


Ui — UijBj . 

i=i 

We compute diZi explicitly, as example, in the spirit of (EH): 

i9i^i = - Y /■ ■ ■ [^:;^Tsu{x)dui ■ ■ ■ duk- 

^ Jl "“*.1 

Integrating the partial derivative on the right-hand side with respect to yields: 

[ "o d^eu{x^dUi^\ ,0,^ (x) f J , 

Jo OUi^i ' Jq 

where for the second equality, we have used the fact that A£(e,_|_„_„^ ,e,)(x) is constant in Ui^i. 
Thus 

~ ^ ^ / ’ * * / Ae(ei-t-ti—Uiiei) {x^dui * ■ ■ dUk- 

To iterate this formula, we use multi-index notation. For n G N let 

[[/c]]" = {i = {ii, ■ ■ ■ ,in) ^ < ii < k, all ig^s are distinct}. 

Then for any mi S N with mi < k, we have 

d^-zi=e-^- Y I'-- lj^Tu\A^)dui---duk, 


iiGp]]™i ' 


where 


Uji = ei -|- M — (uji_i -I- • • • -I- Ui-^ .i)ei. 
Iterating this procedure, for any m £ Nq with |m|i = k, we get 

D^zi = £-'= 


H ■■■ I] / 


where the rtp’s are defined by induction 

Uii = Bj -h Uij-i - {u^^■ H-h ■)Bj , j = 2,--- ,d. 

Thus we are in a position of appealing Lemma 12.221 to conclude that 


whence 

Therefore, K{x,e^) < ujp{x,e). 


\D^zi\\^<e-^ug';{x,e), 
\z\w^ Wp(x,£). 


□ 
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Remark 5.17. The preceding proof shows a little bit more: for any x G Wp(Tg) with a:(0) = 0, 
u}p{x,e) fa {\\y\\p +e'"\z\w^ : x = y + z, y{0) = ^0) = O}, 0 < e < 1. 

In particular, this implies 

Ikllp ^ Wp(a:,e), 

which is the analogue for moduli of Lp-continuity of the inequality in Theorem l2.12l Ithe Poincare 
inequality). On the other hand, together with Lemma 12.221 the above inequality provides an 
alternate proof of Theorem 12.121 

The preceding theorem, together with Theorem 13.161 and the reiteration theorem, implies the 
following 

Corollary 5.18. Let 0 < r] < 1, a > 0, k, ko, ki G N and 1 < p,q,qi < oo. Then 

(i) (Tp(T^), 

(ii) , k^a, P={l-r,)k + ya; 

(hi) = S“,(T^), ko^k,,a = il- y)ko + yk,. 

We can also consider the complex interpolation of (Lp(Tg), Wp (T^)). If 1 < p < oo, this is 
reduced to that of (Lp(Tg), iLp(Tg)); so by the result of the previous section, for any 0 < ry < 1 , 

(Lp(T^), Wp^(T^))^=iL;'=(T^). 

Problem 5.19. Does the above equality hold for p = 1? The problem is closely related to that in 
Remark 15.111 

We conclude this section with a remark on the link between Theorem 13.191 and Theorem 15.161 
The former can be easily deduced from the latter, by using the following elementary fact (see [5] 
p. 40): for any couple (Xq, Xi) of Banach spaces and x G XqH Xi 

- II II 1 

^im (p(l-p))^ ll*ll(Xo.Xi).,, 

limjp(l-ry))’ = g’l||a:||xo • 

Here the norm of (Xq, Xi)p_q is that defined by the K-functional. Then Theorem l3. 191 follows from 
Theorem 15.161 and the first limit above. This is the approach adopted in [3H1I1Z]- It also allows 
us to determine the other extreme case a = 0 in Theorem 13.191 which was done by Maz’ya and 
Shaposhnikova [41] in the commutative case. Let us record this result here. 

Corollary 5.20. Let 1 < p < oo and 1 < <? < oo. Then for x G Bp°(Tg) with x(0) = 0 for some 

ao > 0 , 

lim oillxlls-,- Ri g” 5 ||a:||p. 

a —>-0 

5.3. Interpolation of Triebel-Lizorkin spaces 

This short section contains some simple results on the interpolation of Triebel-Lizorkin spaces. 
They are similar to those for potential Sobolev spaces presented in section 15.11 It is surprising, 
however, that the real interpolation spaces of F“’'^(Tg) for a fixed p do not depend on the column 
structure. 

Proposition 5.21. Let 1 < p,q < oo and a^^ai G R with olq^ a\. Then 

(f;-=(T^), = B^JTt), a = (1 - y)ao + ya^. 

Similar statements hold for the row and mixture Triebel-Lizorkin spaces. 

Proof. The assertion is an immediate consequence of Proposition HtU] (v) and Proposition ET] (i). 
Note, however, that Proposition 14.101 Ivl is stated for p < oo; but by duality via Proposition 14.141 
it continues to hold for p = oo. □ 

On the other hand, the interpolation of F“’°(Tg) for a fixed a is reduced to that of Hardy spaces 
by virtue of Proposition 14.101 (iv) and Lemma m 
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Remark 5.22. Let a G R and 1 < p < oo. Then 

P P ’ 

Proposition 5.23. Let ao,ai G R and 1 < p < oo. Then 


1, 


(F“«>^(T^), = F^’^Tl), a = (1 - -)ao + 


ai 


Proof. This proof is similar to that of Theorem l5.6l Let x be in the unit ball of Fp’‘^{Tg). Then by 
Proposition 14. 101 J°‘{x) G 'Hp(Tg). Thus by Lemma [Oil there exists a continuous function / from 
the strip S' = {z G C : 0 < Re(z) < 1} to TLii^g), analytic in the interior, such that /(i) = J“(x) 
and such that 


sup /(iO bmo= - C /(I + 

(GR tGR 1 

Define 

F{z) = ^ 

Bv Remark 14.151 and Lemma 15.81 for anv tGR. 



Similarly, 

F(l + it) ft! + , 

Therefore, 

x = E(i)G (F“-^(T^),Fr’=(T^)), , 

P P 

whence 


The converse inclusion is obtained by duality. □ 


Chapter 6. Embedding 

We consider the embedding problem in this chapter. We begin with Besov spaces, then pass to 
Sobolev spaces. Our embedding theorem for Besov spaces is complete; however, the embedding 
problem of WfiTg) is, unfortunately, left unsolved at the time of this writing. The last section 
deals with the compact embedding. 

6.1. Embedding of Besov spaces 

This section deals with the embedding of Besov spaces. We will follow the semigroup approach 
developed by Varopolous m (see also uniiis])- This approach can be adapted to the noncom- 
mutative setting, which has been done by Junge and Mei |33j . Here we can use either the circular 
Poisson or heat semigroup of T^, already considered in section [?31 We choose to work with the 
latter. Recall that for x G iS'(Tg), 

Wda;) = 0 < r < 1. 

rneZ'l' 

The following elementary lemma will be crucial. 

Lemma 6.1. Let 1 < p < pi < oo. Then 

(6.1) l|Wdai)||pi < (1 - a; G Lp(T^), 0 < r < 1. 

Proof. Consider first the case p = 1 and pi = oo. Then 

l|wdx)|U< E E 

= ii^iiiE^' E i^ii*iiiE(i + ^)"^' 

\m\'^—k fc>0 


(l-r)-^llxlli. 
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The general case easily follows from this special one by interpolation. Indeed, the inequality just 
proved means that is bounded from LiiTg) to Loo(Tg) with norm controlled by (1 — r)“ 2 . On 
the other hand, is a contraction on Lp(Tg) for 1 < p < 00 . Interpolating these two cases, we 
get (1^ for 1 < p < Pi = 00 . The remaining case pi < 00 is treated similarly. □ 


The following is the main theorem of this section. 


Theorem 6.2. A ssume that 1 < p < pi < 00 ,1 < <? < < 00 and a, oi € R such that 

a — - = ai —Then we have the followinq continuous inclusion: 

p Pi j a 


Proof. Since C it suffices to consider the case q = qi. On the other hand, 

by the lifting Theorem l.l.?! we can assume max{Q:, ai} < 0, so that we can take /c = 0 in Theorem 
13.151 Thus, we are reduced to showing 





q dr \ I 
Pi 1 — r) 


(1 -r)-V||w^(a;)| 


dr 

1 — r 


1 

q 


To this end, we write Wr{x) = W^(W^(a:)) and apply (16.111 to get 


W.(x)||p^ < (1 - 


Thus 


(1-p) ||Wr-(a:)||p^ < (^ (1-0 ’ 2 " (1 - 0||w^(a:)||p Y~) 

ng 2rdr \ | 


ry gd / 1 _i'j I 

^ 9. p J \ 


(l-O)-^(l-r) 


< 


(1-r)- 


r ^ll'^ ^ 

^ l-r) 


as desired. 


□ 


Corollary 6.3. Assume that 1 < p < pi < 00,1 < g < 00 and a = d(l — ^). Then 
Bp g{Tg) C Lp^^glTg) if Pi <00 and Bp i{Tg) C Loo(Je) if pi = 00 . 

Proof Applying the previous theorem to oi = 0 and q = qi = 1, and by Theorem 13.81 we get 

1?p,i(T^)cB°,,i(T0cLp,(T0. 

This gives the assertion in the case pi = 00. For pi < 00, we fix p and choose two appropriate 
values of a (which give the two corresponding values of pi); then we interpolate the resulting 
embeddings as above by real interpolation; finally, using (nm and Proposition 15.11 we obtain the 
announced embedding for pi < 00. □ 


The preceding corollary admits a self-improvement in terms of modulus of smoothness. 
Corollary 6.4. Assume that 1 < p < pi < 00 , a = d(-^ — and fc G N such that k > a. Then 

, 0 <e<l. 

Proof. Without loss of generality, assume x(0) = 0. Then by the preceding corollary and Theo¬ 
rem [XISl we have 

\\x\\p,< 

Now let u G R'^ with |u| < e. Noting that 

ujp(Au(x),S) < 2^^ min (ujp(x,£), ujp{x,S)) < 2'"Wp(a::, min(£:, (5)), 
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we obtain 


I A,, (a 


lIPl 




(x,5) —+e °‘ujp{x,e) 


< 


£ r“a;p"(x, 6)^ + £ S-^u;^p{x, S) f 


< 


r—Q , ,k 


(x,S) 


dS 

T’ 


Taking the supremum over all u with |u| < e yields the desired inequality. 


□ 


Remark 6.5. We will discuss the optimal order of the best constant of the embedding in Corol¬ 
lary 16.31 at the end of the next section. 


6.2. Embedding of Sobolev spaces 

This section is devoted to the embedding of Sobolev spaces. The following is our main theorem. 
Recall that in the second part below is the quantum analogue of the classical Zygmund 

class of order ai (see Remark r3.18l) . 

Theorem 6.6. Let a,ai € R with a> ai. 

(i) If 1 < p < Pi < oo are such that ct — ^ = ai — , then 

Hp{Tg) C Hpf(Tg) continuously. 

In particular, if additionally a = k and ai = ki are nonnegative integers, then 

continuously. 

(ii) If I < P < oo is such that p{a — ai) > d and ai = ot — then 

C continuously. 

In particular, if additionally a = k G N, and if either p > 1 or p = 1 and k is even, then 

Wp (Tg) C continuously. 

Proof, (i) By Theorem l2.91 the embedding of Wp{Tf) is a special case of that of iJ“(Tg). Thus we 
just deal with the potential spaces iJ“(Tg). On the other hand, by the lifting property of potential 
Sobolev spaces, we can assume ai = 0. By Theorem 13.81 and Corollary 16.31 we have 

C T,.oo(T^). 

Now choose 0 < 77 < 1 and two indices sq, si with 1 < sq, si < ^ such that 

1 ^ 1 - d ^ fl_ 

P So Si ■ 

Let 

j_ _ J_ _ a • _ n 1 

tj Sj d' ^ 

Then interpolating the above inclusions with Sj in place of p for j = 0,1, using Remark 15.31 and 
(jl.ip . we get 

= (R“ (T^),R“ C = Lp,.p(T^) c Lp,(T^). 

(ii) By Theorems 13.81 and 16.21 we obtain 

R;(T^) C i?“o.(T^) C R“(oo(T^) • 

If k is even, Wf (Tg) C iLi (Tg). Thus the theorem is proved. □ 

Remark 6.7. The case pa = d with ai = 0 is excluded from the preceding theorem. In this case, 
it is easy to see that i7“(Tg) C Lg{Tg) for any q < 00 . It is well known in the classical case that 
this embedding is false for q = 00 . Consider, for instance, the ball R = {s € : |s| < j} and the 

function / defined by /(s) = loglog(l -|- -j^). Then / belongs to Wf{B) but is unbounded on B. 
Now extending / to a 1-periodic function on R"^ which is infinitely differentiable in [—i, \ B, 
we obtain a function in but unbounded on T'^. 
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Remark 6.8. Part (ii) of the preceding theorem implies (T^) C Loo(Tg) for all p > 1. In the 
commutative case, representing a function as an indefinite integral of its derivatives, one easily 
checks that this embedding remains true for p = 1. However, we do not know how to prove it in 
the noncommutative case. A related question concerns the embedding Wp{Tg) C in 

the case of odd k which is not covered by the same part (ii). 


The quantum analogue of the Gagliardo-Nirenberg inequality can be also proved easily by in¬ 
terpolation. 


Proposition 6.9. Let fc € N, 1 < r,p < oo, 1 < g < oo and /3 € Nq with 0 < |/3|i < k. If 



1-r] 11 

' 5 

q p 


then for every x e Wp{T’^g) f] T,(T^), 


\\D^A\r<M\\-^{ Y. Wd^^WpT- 

\rrL\ — k 

Proof. This inequality immediately follows from Theorem l5.13l and the well-known relation between 
real and complex interpolations: 

It then follows that 

Applying this inequality to a; — 51(0) instead of x and using Theorem 12.121 we get the desired 
Gagliardo-Nirenberg inequality. □ 


An alternate approach to Sobolev embedding. Note that the preceding proof of Theo¬ 
rem is based on Theorem 16.21 which is, in its turn, proved by Varopolous’ semigroup approach. 
Varopolous initially developed his method for the Sobolev embedding, which was transferred to 
the noncommutative setting by Junge and Mei |33| . Our argument for the embedding of Besov 
spaces has followed this route. Let us now give an alternate proof of Theorem 16.61 (i) by the same 
way. We state its main part as the following lemma that is of interest in its own right. 

Lemma 6.10. Let 1 < p < q < oo such that - ~ — h ■ Then 

q p a 

IPpi(T^) C L,,oo(T^). 

Proof. We will use again the heat semigroup of Tg. Recall that = Wg with r = 
where W^ is the periodization of the usual heat kernel W^ of (see section 1531) . It is more 
convenient to work with Wg. In the following, we assume x G 5(Tg) and 51(0) = 0. Let Aj = 
A~^dj, 1 < j < d. Then 

poo_ poo_ 

/ We{x)de and AjX = / We{djx)de. 

Jo Jo 

We claim that for any 1 < p < oo 

( 6 . 2 ) ||We(djx)||p < £“ 5 ||x||p and ||WE(5ja;)||oo < ||a::||p , £ > 0 . 

Indeed, in order to prove the first inequality, by the transference method, it sufhces to show a similar 
one for the Banach space valued heat semigroup of the usual d-torus. The latter immediately follows 
from the following standard estimate on the heat kernel Wg of 
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The second inequality of (16.21) is proved in the same way as (EH). First, for the case p = 1, we 
have (recalling that x{0) = 0 ) 

||We(aja;)||oo < 27r ^ 

meZ‘^\{0} 

< 27 r||x||i 

mGZ‘'\{0} 


Interpolating this with the first inequality for p = oo, we get the second one in the general case. 
Now let e > 0 and decompose AjX into the following two parts: 

pOO _ p€ 

y = 47 r^ / Ws{djx)dS and z = 47 r^ / Ws{djx)dS. 


Then by 


IMIoo<IN|, 


S ^ dS e 


and 


klip < IN 


p S 2 Ri £2 ll^llp. 


Thus for any t > 0, choosing e such that e ‘^p =t, we deduce 

Iklloo + i|k||p < t^~^\\x\\p = t'^WxWp, 


where 77 = 1 — It then follows that 

INi^cjlqr^oo ~ II < NIIp • 

Since 


we finally get 


X = — 




i=i 


IklU.oo < INNi^^lU.oo < \\djx\\p = llVxll, 


i=i 


1=1 


Thus the lemma is proved. 


□ 


Alternate proof of Theorem I fi. 61 (i). For 1 < p < d, choose po,Pi such that 1 < po < p < pi < d. 
Let ^ ^ — 2 forj = 0,l. Then by the previous lemma, 

i = o,i. 

Interpolating these two inclusions by real method, we obtain 

W^iTt) C T,,p(T^). 

This is the embedding of Sobolev spaces in Theorem 16.61 lil for k = 1. The case fc > 1 immediately 
follows by iteration. Then using real interpolation, we deduce the embedding of potential Sobolev 
spaces. □ 


Sobolev embedding for p = 1. Now we discuss the case p = 1 which is not covered by 
Theorem EH The main problem concerns the following: 

(6.3) ITi(T^)cL^(T^). 

At the time of this writing, we are unable, unfortunately, to prove it. However, Lemma 16.101 
provides a weak substitute, namely, 

(6.4) W^Tf) c 

In the classical case, one can rather easily deduce (16.31) from (16.41) . Let us explain the idea coming 
from [7S page 58]. It was kindly pointed out to us by Marius Junge. Let / be a nice real function 
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on with /(O) = 0. For any t G R let ft be the indicator function of the subset {/ > t}. Then / 
can be decomposed as an integral of the ffs: 

/ +00 

ftdt. 

-OO 

By triangular inequality (with q = 

/ + 00 

\\ft\Udt. 

-OO 


However, 


Thus by (16.41) for 0 = 0, 


ll/tll, = ||/t||,,oo VteR. 

ll/*llg<ll/dli + l|V/t|li. 


It comes now the crucial point which is the following 

/*+oo 

( 6 . 6 ) 


/ -l-OO 

l|V/t||idf<||V/||i. 

-OO 


In fact, the two sides are equal in view of Sard’s theorem. We then get the strong embedding (IQ) 
in the case 0 = 0. Note that this proof yields a stronger embedding: 

(6.7) IFi^(T^) C L^,i(T^). 

The above decomposition of / is not smooth in the sense that ft is not derivable even though / is 
nice. In his proof of Hardy’s inequality in Sobolev spaces, Bourgain m discovered independently 
the same decomposition but using nicer functions ft (see also [10]). Using (16.71) and the Hausdorff- 
Young inequality, Bourgain derived the following Hardy type inequality (assuming d > 3): 

I/Ml 


E 


(1 + \m\Y' 


-1 


< 




We have encountered difficulties in the attempt of extending this approach to the noncommu- 
tative case. Let us formulate the corresponding open problems explicitly as follows: 

Problem 6.11. Let d> 2. 

(i) Does one have the following embedding 

M(T^)cL^(T^) or M(T^)cL^,i(T^)? 

(ii) Does one have the following inequality 

Y- I^MI ^ II II 9 

E (1 + H )<^-1 


By the previous discussion, part (i) is reduced to a decomposition for operators in IU/(Tg) of 
the form (113]) and satisfying dHj). One could be attempted to do this by transference by first 
considering operator-valued functions on R'’*. With this in mind, the following observation, due to 
Marius Junge, might be helpful. 

Given an interval / = [s, t] C R and an element a G Li(Tg), we have 

d{li ® a) = (5s O a — (5t O a, 

where d denotes the distribution derivative relative to R. Let || ||l denote the norm of the dual 
space C'o(R; Me)*, which contains Li(R; LiiTf)) isometrically. If / is a (nice) linear combination of 
1/ ® a’s, then we have the desired decomposition of /. Indeed, assume / = ® e^, where 

at G R+ and the ® efs are pairwise disjoint projections of Loo(R)®Tg. Let ft = lL(t,oo)(/)- 
Then 

poo 

f= / ftdt. 

Jo 

So for any g > 1, 

poo 

\\f\U< WMUdt. 

Jo 
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On the other hand, by writing explicitly ft for every t, one easily checks 

nOC 

\\df\\L= Wdfthdt. 

Jo 

By iteration, the above decomposition can be extended to higher dimensional case for all functions 
/ of the form Xr=i ® where at G R+, Rfs are rectangles (with sides parallel to the axes) 
and Iji- (g) efs are pairwise disjoint projections of Loo(R‘^)(g)Tg. 

The next idea would be to apply Lemma [6.101 to these special functions. Then two difficulties 
come up to us, even in the commutative case. The first is that these functions do not belong to 
Wf; this difficulty can be resolved quite easily by regularization. The second one, substantial, is 
the density of these functions, more precisely, of suitable regularizations of them, in Wf. 


Uniform Besov embedding. We end this section with a discussion on the link between a 
certain uniform embedding of Besov spaces and the embedding of Sobolev spaces. Let 0 < a < 1, 
1 < p < oo with ap < d and y = ^ ~ ^ • Then 


( 6 . 8 ) 


Ikllr < Cd, 


a(l — a) 
^ {d— ap) 


'B-n 


X G Bini ), 


where is the Besov norm defined by (j8.19|) . In the commutative case, this inequality is 

proved in [13] for a close to 1 and in [41] for general a. One can show that (16.81) is essentially 
equivalent to the embedding of Wpifff) into LqiTf) (or Lq_p(Tg)) for d > p and ^ ^ ~ y- Indeed, 

assume (|6.8ll . Then taking limit in both sides of (|6.8|) as a —>■ 1, by Theorem 13. 191 we get 


Ikllg ^ \x\wi 

for all X G Wpiffg) with ir(0) = 0. Conversely, if tUp(Tg) C Lg(Tg), then 

(Lp(T^), Wpi(T^))^_^ C (Lp(T^), i,(T^))„,p. 

Theorem 15. 161 implies that 

(Lp(T^), Wpi(T^))^_^ C i?“p(T^) 

with relevant constant depending only on d, here being equipped with the norm || 

On the other hand, By a classical result of Holmstedt [28] on real interpolation of Lp-spaces (which 
readily extends to the noncommutative case, as observed in m Lemma 3.7]), 

(Lp(T^), L,(T^))^_^CL,,p(T^) 

with the inclusion constant uniformly controlled by 0^(1 — a)«. We then deduce 

lkllr.p<ap(l-a)5 Hills-,-. 

This implies a variant of (16.811 since Lr^p(fff) C LriTf). 

Since we have proved the embedding WpiTf) C LqiTf) for p > 1, (16.81) holds for p > 1. Let us 
record this explicitly as follows: 


Proposition 6.12. Let 0<a<l, l<p<oo with ap < d and ~ ^ ~ Then 

INI.< (a(l-a))-||i||^.,„, iGBp“p(T^) 

with relevant constant independent of a. 


In the case p = 1, Problem 16.Ill fil is equivalent to (16.81) for p = 1 and a close to 1. 


6.3. Compact embedding 

This section deals with the compact embedding. The case p = 2 for potential Sobolev spaces 
was solved by Spera [64] : 

Lemma 6.13. The embedding Hff^ifff) ^ id^^(Tg) is compact for ai > a 2 > 0. 

We will require the following real interpolation result on compact operators, due to Cwikel |19j . 

Lemma 6.14. Let (.^Oj -^i) o.nd {Yq, Yf) be two interpolation couples of Banach spaces, and 
let T : Xj ^ Yj be a bounded linear operator, j = 0,1. If T : Xq — >■ Yq is compact, then 
T : (Xq, Xi)q^p —>■ (Iq, Ti)q^p is compact too for any 0 < p < 1 and 1 < p < oo. 
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Theorem 6.15. Assume that 1 < p < pi < oo, 1 < p* < pi, 1 < 9 < ( 7 i < c» and a — | = ai — ^ . 
Then the embedding ^ is compact. 

Proof. Without loss of generality, we can assume q = qi. First consider the case p = 2. Choose t 
sufficiently close to q and 0 < ry < 1 such that 

i = ^ ~ , H 

q 2 t' 

Then by Proposition 15.11 

By Lemma[6331 .Bf 2 (Tg) ^ B 2 is compact. On the other hand, by Theorem l6.21 B^tiTg) ^ 
Bpft^g) is continuous. So by Lemma IB. 141 

Bl,{Ti) ^ is compact. 

However, by the proof of Proposition 15.II and lEB, we have 

(H“;2(T^), c ((L2(T^), 

where s is determined by 

1 ^ 1-7? (1 - 7?)(q; - Qi) 

s 2 Pi Pi d 

Note that ?? tends to 1 as t tends to g, so we can choose p such that s > p*. Then Ls^q{Tg) C 
Lp. (Tg). Thus the desired assertion for p = 2 follows. 

The case p ^ 2 but p > 1 is dealt with similarly. Let t and p be as above. Choose r < p {r close 
to p). Then 

{Bl^{Ti), c £“((L 2 (T^), L.(T^)g.g) =£“(Lp„,,(T^)), 

where po is determined by 

J_ ^ 1 - ?? V 

Po 2 r ■ 

If p is sufficiently close to 1, then po < p that we will assume. Thus Lp(Tg) C Lpo^q(Tg). It then 
follows that 

B“g(T^)C (B“, 2 (T^), 

The rest of the proof is almost the same as the case p = 2, so is omitted. 

The remaining casep = 1 can be easily reduced to the previous one. Indeed, first embed B“^(Tg) 
into ^“^^^(Tg) for some 02 S (a, Oi) (02 close to a) and p 2 determined by a — | = 02 — Then 
by the previous case, the embedding B“ 2 ^(Tg) ^ Bpi^^^{Tg) is compact, so we are done. □ 

Theorem 6.16. Let 1 < p < pi <00 and a, ai G K. 

(i) If a — ^ = oi — then iL“(Tg) ^ iL“2(Tg) is compact for p* < pi. In particular, if 

additionally a = k and ai = ki are nonnegative integers, then IFp(Trg) ^ ITp.^(Tg) is 
compact. 

(ii) If p{a — ai) > d and a* < oi = a — then iL“(Tg) ^ B^^^{Tg) is compact. In particular, 
if additionally a = k gN, then ITp (Tg) ^ B^^^{Tg) is compact. 

Proof. Based on the preceding theorem, this proof is similar to that of Theorem l 6 . 6 l and left to the 
reader. □ 

Chapter 7. Fourier multiplier 

This chapter deals with Fourier multipliers on Sobolev, Besov and Triebel-Lizorkin spaces on 
Tg. The first section concerns the Sobolev spaces. Its main result is the analogue for ITp (Tg) 
of [T71 Theorem 7.3] (see also Lemma [1.31) on c.b. Fourier multipliers on Lp(Tg); so the space 
of c.b. Fourier multipliers on IFp (Tg) is independent of 8. The second section turns to Besov 
spaces on which Fourier multipliers behave better. We extend some classical results to the present 
setting. We show that the space of c.b. Fourier multipliers on does not depend 9 (nor 
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on q or a). We also prove that a function on is a Fourier multiplier on iff it is the 

Fourier transform of an element of The last section deals with Fourier multipliers on 

Triebel-Lizorkin spaces. 


7.1. Fourier multipliers on Sobolev spaces 


We now investigate Fourier multipliers on Sobolev spaces. We refer to [SSIE] for the study of 
Fourier multipliers on the classical Sobolev spaces. If X is a Banach space of distributions on Tg, 
we denote by M(X) the space of bounded Fourier multipliers on X; if X is further equipped with 
an operator space structure, Mcb(-^) is the space of c.b. Fourier multipliers on X. These spaces are 
endowed with their natural norms. Recall that the Sobolev spaces Wp (T^), i7“(Tg) and the Besov 
i?^(Tg) are equipped with their natural operator space structures as defined in Remarks 12.291 and 

ra 

The aim of this section is to extend [ni Theorem 7.3] (see also Lemma 11.31) on c.b. Fourier 
multipliers on LpiTf) to Sobolev spaces. Inspired by Neuwirth and Ricard’s transference theorem 
[48j . we will relate Fourier multipliers with Schur multipliers. Given a distribution a: on T^, we 
write its matrix in the basis 

[d = ( (xC/", U^)) = (^m - 

V' J V J 


Here fc* denotes the transpose of A: = (fci,..., kd) and 0 is the following d x d-matrix deduced from 
the skew symmetric matrix 6\ 


/O 

0 


6 = -271 


Qi 2 QlZ 
0 6*23 


0 0 0 

yo 0 0 


Old \ 

6*2 d 


6*d-l,d 

0 / 


Now let 0 C and be the associated Fourier multiplier on Tf. Set (f) = 

Then 


(7-1) [M^x] = {<pm-n^rn - 


where is the Schur multiplier with symbol (/). 

According to the definition of Wp{Tg), for any matrix a = (am,n)m,rieZ‘^ £ € Nq define 

D^a = - n)Ya^,n)■ 

If a; is a distribution on T^, then clearly 

[M^D^x] = S^{dYx]). 

We introduce the space 

= {a = a e V6 e Ng,0 < |£|i < fc} 

and endow it with the norm 

Il«ll5,. = ( E IT'ollljf 

0<P|i<fe 

Then is a closed subspace of the ^p-direct sum of L copies of Sp{£ 2 {'^‘^)) with L = Xo<|^|i<fe 1- 
The latter direct sum is equipped with its natural operator space structure, which induces an 
operator space structure on Sp too. 

If i/i = ('0m,n)m,nGZ‘^ i® ^ complex matrix, its associated Schur multiplier Stj, on Sp is defined 
by Stj,a = {'ipm,n a‘m,n)m,ne’Z'>" Mcb(S'p) denote the space of all c.b. Schur multipliers on Sp, 
equipped with the natural norm. 
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Theorem 7.1. Let 1 < p < oo and k G N. Then 


M,b«(n)) = Mcb(S'p) with equal norms. 

Consequently, 

Mcb(%^(T^)) = Mcb(Wp^(T‘^)) with equal norms. 

Proof. This proof is an adaptation of that of m Theorem 7.3]. We start with an elementary 
observation. Let V = diag(-• • , t/”, • • • )nGZ‘^- For any a = {am,n)m,n&i.<‘ S let x = 

V(a® \fd)V* G i?(£ 2 (Z‘^)) 0 Tg, where 1^^ denotes the unit of T^. Then 

_ /rr 7 n_ tt — ci \ \ rrmT-r—n \ — in^m^rrm—n 

^ O^mn^ )m,nGZ'^ — / ^ 0 -m,n^m,n ® U U — / ^ U , 

m,n m,n 

where (em,n) are the canonical matrix units of i 3 (^ 2 (Z'^)). So, 
a matrix with entries in i 3 (^ 2 (Z'^)). Since V is unitary, we have 


I®I|Lp(B(^ 2(Z‘^))®T^) /r,/- lla| 


r?llLp(B(^ 2 (Z‘i))®T^) 


Sp(^ 2 (Z<i))- 


Similarly, for ^ € N]], 
(7.2) 


‘^llLp(B(^2(Z'i))®T^) “IlSpC^sCZ-i)) ■ 


Now suppose that <j) G Mcb(bFp (Tg)). For a = (am,n)m,neZ‘‘ G -S(^ 2 (Z‘^)), define a; = V(a® 
as above. Then by (17.11) . for £ S Ng, 

(IdB(^2(z^))®^b)(^'^) = ViS^iD^a) 0 l^d)V* . 

It then follows from (ESI) that 

Wl<k 

< ll^llMcb(WjJ(T^)) [ "YL ^llLp(B(^2(Z‘^))®Tg)] 

\l\i<k 

= ll'/'llMcb(W,J(T^))ll«llsJ- 

Therefore, (j) is a bounded Schur multiplier on Sp. Considering matrices a = (am,n)m,nGZ'i with 
entries in Sp, we show in the same way that is c.b. on Sp, so is a c.b. Schur multiplier on 
Sp and 

ll'^llMcb(S^) < ll'/'llMcb(Wp*^(T^))' 

To show the converse direction, introducing the following Folner sequence of 

Z^ = {-V,...,-1,0,1,...,V}‘^CZ^ 
we define two maps and Bn as follows: 

An - T'j) ^ B{i'' 2 ^'') with x Pn{[x]), 
where Pn ■ B(£ 2 (Z"')) 5(4^"') with (a^.n) {am,n)m,n^ZN\ and 


Bn : with e^.p 


^ATl 


g—in 0 (m—n)* jjm—n 


Here is endowed with the normalized trace. Both An, Bn are unital, completely positive 

and trace preserving, so extend to complete contractions between the corresponding Lp-spaces. 
Moreover, 

lim BnoAn[x)=x in Lpiffg), MxGLpiffg). 

N —¥00 


If we define Sp[£'^ 2 ’^'^) as before for Sp just replacing Sp{i2{'2i‘^)) by S'p(£ 2 ^'^'), we see that A 


iN 


extends to a complete contraction from Wp{Tg) into S'p(£ 2 '^'''), while Bn a complete contraction 
from 5^(4^'^') into Wp^(T^). 
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Now assume that cj) is a c.b. Schur multiplier on S^, then it is also a c.b. Schur multiplier on 
We want to prove that is c.b. on Wp(Tg). For any x € Lp{B{i 2 {'Z‘^))'^Tg), 

11 Id 0 Lp{B{e2{i,‘^))0Tf) ~ II (id 0 Bn ) o (id 0 (id 0 M^{x)) 

= 1™ II (W ® Bn) o (Id 0 S^) (Id 0 An{x)) |L^(s(,,(z^))ot^) 

< lim^sup ||ld 0 5^(Id 0 

< lim^sup||5^||^j^ ||ld0 

- Il'^^llcb ll*llLp(B(^2(Z'i))®T^)’ 

where in the second equality we have used the fact that 


Id 0 ^7v(Id 0 Mff,{x)) = Id 0 5'^(Id 0 An{x)), 
which follows from (17.11) . Therefor, M^j, is c.b. on (T^) and 

ll‘^llMcb(Wfc(T^)) - ll‘^llMeb(S^)- 


The theorem is thus proved. □ 

Remark 7.2. Let 1 < p < oo and a £ K. Since J“ is a complete isometry from iL“(Tg) onto 
Lp(Tg), we have 

Mcb(Rp (Te)) = Mcb(.bp(Tg)) with equal norms. 

Thus, by Lemma [T751 

Mcb(Rp (Tg)) = Mcb(Rp (T^*)) with equal norms. 

Note that the proof of Theorem 12.91 shows that Wp (T^) = (Tg) holds completely isomorphi- 
cally for 1 < p < oo. Thus the above remark implies 

Corollary 7.3. Let 1 < p < oo and fe £ N. 

Mcb(ICp (Tg)) = Mcb(I^p(T'^)) with equivalent norms. 

Clearly, the above equality still holds for p=lorp = ooif(i=l (the commutative case) since 
then VFp (T) = Lp(T) for all 1 < p < oo by the (complete) isomorphism 

Lp(T) 9 X ^ S(0) + ^ 

^—' (2Tnmr ^ 

mez\{0} ' ^ 

However, this is no longer the case as soon as d > 2, as proved by Poornima |59j in the commutative 
case for Poornima’s example comes from Ornstein m which is still valid for our setting. 
Indeed, by m, there exists a distribution T on which is not a measure and such that T = difj,o, 
diT = 921*1 and d 2 T = 9ip2 for three measures pi on T^. T induces a Fourier multiplier on 
Tg, which is defined by the Fourier transform of T and is denoted by a; i—>• T * x. Then for any 
x€Wl{Tl), 


T * X = difio * X = fio * dix £ Li(Tg), 

9iT * X = difj,i * X = fj,i* d2X £ Li(Tg), 

d2T *x = d2fJ-2 *x = fj.2* dix £ Li(Tg). 

Thus T + X £ (Tg), so the Fourier multiplier induced by T is bounded on IT^ (Tg). We show in 

the same way that it is c.b. too. Since T is not a measure, it does not belong to M(Li(T^)). 
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7.2. Fourier multipliers on Besov spaces 


It is well known that in the classical setting, Fourier multipliers behave better on Besov spaces 
than on Lp-spaces. We will see that this fact remains true in the quantum case. We maintain the 
notation introduced in section [Sd] In particular, is a function satisfying (13.111 and = 

ip(2~^^) for k € Nq. As usual, is viewed as a function on too. 

The following is the main result of this section. Compared with the corresponding result in 
the classical case (see, for instance. Section 2.6 of m), our result is more precise since it gives a 
characterization of Fourier multipliers on i3“^(Tg) in terms of those on Lp(Tg). 

Theorem 7.4. Let a e K and I < p,q < oo. Let (j) ^ C. Then (j) is a Fourier multiplier on 

Bp,giTj) iff the ’s are Fourier multipliers on Lp(Tg) uniformly in k. In this case, we have 

with relevant constants depending only on a. A similar c.b. version holds too. 


Proof. Without loss of generality, we assume that ^(0) = 0 and all elements x considered below 
have vanishing Fourier coefficients at the origin. Let (j) G M(i?“,j(Tg)) and x G Lp(Tg). Then 
y = {tpk-i +Fk + Pk+i) *x G and 

||y||B“, < Ca2'"“||a;||p with Ca = 9 • 4l“l . 


So 


\miy)\\ 




Im(B-„«)) 






On the other hand, by (13.21) . pk * M(j,{y) = M^,p(k){x) and 


||M^(y)||B», > 2'=“||^fe * M^{y)\\p = 2'=“||M^^(.,(x)||p . 


It then follows that 

l|A70,p(fc)(a;)||p < 

whence 

Conversely, for x G 


\\pk * M,p{x)\\p = \\M^,p^k) {{pk-i FThF Fk+i) * x) ||p 

^ + Fk + Fk+i) * x\\p . 


We then deduce 


which implies 


\M^{x)\\ < 3-2l“lsup|U(^('=)| 


fe >0 


M(Lp(T^))lrllB° 


Im(B- fT^)) - 


<3-2 


|a| 


sup 

fc >0 


WF 


(fc)| 


lM(Lp(Tg)) 


Thus the assertion concerning bounded multipliers is proved. 

The preceding argument can be modified to work in the c.b. case too. First note that for k > 0, 
is a c.b. Fourier multiplier on LpiTf) for all 1 < p < oo with c.b. norm 1, that is, the map 
X ^ ipk * X is c.b. on Lp(Tg). So for any x G Sq[Lp{Tg)] (the Lp(Tg)-valued Schatten g-class). 


|(Ids, ®^ lkllSg[Bp(T^)] ■ 


Now let cj) G Mcb(S“,j(T^)) and x G S'g[Lp(T^)]. Define y as above: y = {pk-i + Fk + Fk+i) * x. 
Then for k — 2 < j < k + 2, 


WFj * ?/lls,[Lp(T^)] < 3 ||a:||s_^[ip(Trf)] . 
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It thus follows that 

||(Ids, ® ^0)(y)|ls,[B“,(Tf)] - ll'^llMcb(B“,(T^)) llylls,[B“,(T^)] 

fc +2 

^ ll'^llMeb(B“,(T^)) X] *2^lls,[Bp(T^)] 

j=k-2 

< Ca2''“||(/)|||v,^|^(s=^Trf)) |k||s^[Lp(Td)] • 

Then as before, we deduce 

®>P|l‘^‘^^^^llMcb(Bp(T^)) - ^“ll'^llMeb(B“,(Tg)) ■ 

To show the converse inequality, assume 

Then for x € Sq[B^g{T'^)], 

Wk * ^ + ^fe+l) * ^Ws.lLAT^)] 

< ll(v^fc-l + ‘fk + ^k+l) * a^lls,[Lp(T^)] ■ 

Therefore, 

ll-^0(®)lls,[B?.,(T^)] ^ (X * ^<^'(®)lls,[Bp(T8)])'^) 

fe >0 

< ( X (^^^IKV^fc-l + ^k + ^k+l) * 2;|ls,[Lp(T^)])'^) 

fe >0 

< 3 • 2l“l||a;||s_^[Bo^Td)]. 

We thus get the missing converse inequality, so the theorem is proved. □ 

The following is an immediate consequence of the preceding theorem. 

Corollary 7.5. (i) M(i3“^(Tg)) is independent of a and q, up to equivalent norms. 

(ii) M(i3p j,Q(Tg)) = where p' is the conjugate index of p. 

(hi) M(B0’,^(T^)) C for l<po<Pi<2. 

(iv) M(Lp(T^)) c M(i3“,(T^)). 

Similar statements hold for the spaces Mcb(Sp ^(Tg)). 

Theorem 17.41 and Lemma 11.31 imply the following: 

Corollary 7.6. Mcb(.Sp,q(Tg)) = Mcb(.Bp_ 5 (T'^)) with equivalent norms. 

Let 7^(1?° f,o(T‘^)) be the space of all Fourier transforms of functions in ^1 ooC^^) (S' commutative 
Besov space), equipped with the norm ||/|| = ||/||so . 

Corollary 7.7. Mcb(S“pj(Tg)) = ^(T*^)) with equivalent norms. 

Proof. Let cj) G Mcb(.B° ^(Tg)) and / be the distribution on T'^ such that f = 4>- By Theorem 17.41 
and Lemma O we have 

sup||<).:^('=)||m(^^(t.)) <oo. 

Recall that the Fourier transform of ipk is and tpk is the periodization of pk- So 

ll^fe||Li(T<i) = ll<Pfc||Li(R<i) = ||<pI|li(R‘*) ■ 

Noting that by (IX^ . Pk * f = {pk-i + Pk + Pk+i), we get 

ll^fc */||l < \\(t)p^'''^\\^(^j^^^.^^^^\\pk-l + Pk + Pk+l\\l < 3||v3||L,(Rd) ||?^'V5^''^||M(L,(T<i)) ’ 


whence 
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Conversely, assume 4> = f with / € Let g G ^i,oo('ii'^)- Then 

ll^fc * M^[g)\\i = ll^fc * f *g\\i = ll^fe * f * {Ipk-l +^k + ifk+l) * g\\l 

< Wk * /111 ||(^fe-l +^fc + ^fc+l) *g||i 

Thus M^g) G and 

which implies that ^ is a Fourier multiplier on i?i_oo(Tg) and 

II?^IIm(bo^(T g)) < "^II/IIbo^ ■ 

Considering g with values in Soo, we show that (f) is c.b. too. Alternately, since M(Li(T‘^)) = 
Mcb(Ti(T‘^)), Theorem 17.41 yields M(i3°^(T*^)) = Mcb(.B°^(T'^)), which allows us to conclude the 
proof too. □ 

We have seen previously that every bounded (c.b.) Fourier multiplier on Lp(Tg) is a bounded 
(c.b.) Fourier multiplier on i3“^(Tg). Corollary 17.71 shows that the converse is false for p = 1. We 
now show that it also is false for any p ^ 2. 

Proposition 7.8. There exists a Fourier multiplier (j) which is c.b. on i3“^(Tg) for any p,q and 
a but never belongs to M(Lp(Tg)) for any p ^ 2 and any 6. 

Proof. The example constructed by Stein and Zygmund [H] for a similar circumstance can be 
shown to work for our setting too. Their example is a distribution on T defined as follows: 

°° 1 

i- {Wnzf Dn{WnZ) 

LOgn 
n=2 ^ 

for some appropriate Wn G T, where 

n 

Dr,{z) = Y,z\ z&T. 
j=o 

Since ||7?n||Bi(T) ~ logn, we see that p G i3°^(T)- Considered as a distribution on T'^, p G 
^ 1,00 (T'^) too. Thus by Corollaries 17.51 and 17.71 f) = fi belongs to Mcb (^p.p(Te)) for any p, q and 
a. However, Stein and Zygmund proved that (j) is not a Fourier multiplier on Lp(T) for any p ^ 2 
if the WnS, are appropriately chosen. Consequently, ip cannot be a Fourier multiplier on Lp{Tg) for 
any p ^ 2 and any 9 since Lp(T) isometrically embeds into Lp(Tg) by an embedding that is also a 
c.b. Fourier multiplier. □ 

We conclude this section with some comments on the vector-valued case. The proof of The¬ 
orem Ol works equally for vector-valued Besov spaces. Recall that for an operator space E, 
Bp g{Tg; E) denotes the A-valued Besov space on (see Remark [nmi) . 

Proposition 7.9. For any operator space E, 

with equivalence constants depending only on a. 

If 0 = 0, we go back to the classical vector-valued case. The above proposition explains the 
well-known fact mentioned at the beginning of this section that Fourier multipliers behave better 
on Besov spaces than on Lp-spaces. To see this, it is more convenient to write the above right-hand 
side in a different form: 

Thus if (j) is homogeneous, the above multiplier norm is independent of fc, so (/) is a Fourier multiplier 
on Bp^iT’^'^E) for any p,q,a and any Banach space E. In particular, the Riesz transform is 
bounded on i?“,j(T^; E). 

The preceding characterization of Fourier multipliers is, of course, valid for in place of T'^. 
Let us record this here: 
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Proposition 7.10. Let E be a Banach space. Then for any </> : —>■ C, 

lkllM(B°,(R‘i;B)) ~ ll'/>V'llM(Lp(R‘i;B)) +SUp||(/)(2'=0‘P||M(ip(R<i;E)) ’ 
where tp is defined by 

k>l 

7.3. Fourier multipliers on Triebel-Lizorkin spaces 

As we have seen in the chapter on Triebel-Lizorkin spaces, Fourier multipliers on such spaces 
are subtler than those on Sobolev and Besov spaces. Similarly to the previous two sections, our 
target here is to show that the c.b. Fourier multipliers on F“’'^(Tg) are independent of 6. By 
definition, Fp’'^{Tg) can be viewed as a subspace of the column space Lp{Tg; the latter is the 
column subspace of Lp{B{£°')'0Tg). Thus F“’°(Tg) inherits the natural operator space structure of 
)®Tg). Similarly, the row Triebel-Lizorkin space F“’’'(Tg) carries a natural operator space 
structure too. Finally, the mixture space Fp{Tg) is equipped with the sum or intersection operator 
space structure according to p < 2 or p > 2. Note that according to this definition, even though it 
is a commutative function space, the space F'“(T‘^) (corresponding to 0 = 0) is endowed with three 
different operator space structures, the Hrst two being defined by its embedding into Lp(T‘^; £2 
and £ 2 ’*^)j the third one being the mixture of these two. The resulting operator spaces are 

denoted by F“’‘^(T‘^) , and F“(T‘^), respectively. Similarly, we introduce operator space 

structures on the Hardy space 'Hp{Tg), its row and mixture versions too. 

The main result of this section is the following: 

Theorem 7.11. Let 1 < p < 00 and a € R. Then 

Mcb(^p“’^(T^)) = Mcb(Fp“’"(T‘^)) with equal norms, 

Mcb(7^^’'^(Tg)) = Mcb(7^p’^(T‘^)) with equivalent norms. 

Similar statements hold for the row and mixture spaces. 

We will show the theorem only in the case p < 00 . The proof presented below can be easily 
modified to work for p = 00 too. Alternately, the case p = 00 can be also obtained by duality 
from the case p = 1. Note, however, that this duality argument yields only the first equality of the 
theorem with equivalent norms for p = 00 . 

We adapt the proof of Theorem 17.II to the present situation, by introducing the space 

= {a = ^ 2^^“ | pfe * a |^ e ^p(4(Z"))} 

fc >0 

and endow it with the norm 

fc >0 

where 

fik*a = (p(2-'=(m - n)) ■ 

Then 5'“’'^ is a closed subspace of the column subspace of S'p (^2 ®^ 2 (Z'^)), which introduces a natural 
operator space structure on Sp^^. Let Mcb(<S'p’'^) denote the space of all c.b. Schur multipliers on 
Sp'‘^, equipped with the natural norm. 

Lemma 7.12. Let 1 < p < oo and a € R. Then 

Mcb(7^^’'^Cirg)) = Mcb(<S'“’“) with equal norms. 

Proof. This proof is similar to the one of Theorem l7.ll we point out the necessary changes. Keeping 
the notation there, we have for a = G 5'“’'^ and x = V{a® lfd)V* G B{i 2 {Tfi))®Tg 

k 
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Suppose that cj) G Mcb(^^’'^(Tg)). It then follows that 

* (ViS^ia) 0 lr.)V*)fy\\ 

k 

= II (^ 22 ^-“* {y{a 0 I')" 

k 

- lkllMeb(J’p“’‘=(T^))II^IISp[Fp“''=(T^)] 

= ll'/'llMeb(-Fp“'°(Tg))ll®IISp’‘=- 

Therefore, 4> is a bounded Schur multiplier on 5'“’'^. Considering matrices a = {am,n)m,n^i'>- with 
entries in B(i 2 ), we show in the same way that is c.b. on 5“’'^, so (/> is a c.b. Schur multiplier 
on Sp’^ and 

ll^llMcblS"'”) < ll?^llMcb(F“'‘=(Tg))- 

To show the opposite inequality, we just note that the contractive and convergence properties 
of the maps An and Bn introduced in the proof of Theorem 17.11 also hold on the corresponding 
or Sp’'^ spaces. To see this, we take An for example. Since it is c.b. between the 

corresponding Lp-spaces, it is also c.b. from Lp(i?(.^ 2 ) 0 Tg) to Lp{B{i 2 )®B{£^^’^^)). Applying this 
to the elements of the form 

^ ipo * X 0 0 .. .\ 

2“^i * X 0 0 ... 

2^“<?2 * X 0 0 ... 

V • • ■ 

we see that An is completely contractive from A“>'^(Tg) to SpX(^B{i\f'^^)), the latter space being 
the finite dimensional analogue of 5'“’°. We then argue as in the proof of Theorem [7T] to deduce 
the desired opposite inequality. □ 

Proof of Theorem \7.11\ The first part is an immediate consequence of the previous lemma. For the 
second, we need the c.b. version of Theorem 14.Ill (i), whose proof is already contained in section 
14.11 To see this, we just note that, letting M. = Bli 2 {'Z‘^))'^Tg and Af = i?(.^ 2 ( 2 ‘^)) 0 Foo(T'^) 0 Tg 
in Lemma l4.6l we obtain the c.b. version of Lemma 14.71 and that, in the same way, the c.b. version 
of Lemma fl. 101 holds, i.e., for x G Sp[Hp{Tg)], 

lkllsp[w»(Tg)] ~ P(0)||sp + ll■s^(a;)llsp[Lp(Tg)] ■ 

Finally, the previous lemma and the c.b. version of Theorem 14.Ill (i) yield the desired conclusion. 

□ 


Lp(B(^2(Z‘i))®T^) 

IIlp(B(A(Z'^))®T^) 


Remark 7.13. The preceding theorem and the c.b. version of Theorem 14.Ill (i) show that 

Mcb('Hp(Tg)) = Mcb('Hp(Tr'^)) with equivalent norms. 

In fact, using arguments similar to the proof of the preceding theorem, we can show that the above 
equality holds with equal norms. 
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